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M3 dau

Bai toan xac dinh khong diém ciia toan tit j-don diéu c¢6 ¥ nghia quan trong
trong nhiéu linh vigc khac nhau, nhu khoa hoc vat 1i, toi wu hoa, toan kinh té,
toan tai chinh... O day, ta quan tam dén bai toan sau:

Xac dinh mot phan ti 2* € E sao cho:

0€ A(z), (0.1)

trong d6 A : E — 2F la mot toan tit j-don diéu xac dinh trén khong gian
Banach E. Ta biét rang khi E 14 khong gian Hilbert thi toan tit j-don diéu duge
goi la toan ti don diéu.

Khi A: H — 27 mot toan tit don diéu cuc dai trén khong gian Hilbert H,
thi R. T. Rockafellar [57] da dé xuat phuong phap diém gan ké dé xac dinh day
{z,} nhu sau:

Ty € CpAT 1 + Tpyt, X0 € H, (0.2)

& day ¢, > ¢o > 0. Tuy nhieén, viéc ap dung phuong phap lap (0.2) chi thu duge
sit hoi tu yéu ciia day {z,} vé mot khong diém ciia A.

Trong nhitng nam gan day, xuat phat tit mot s6 mo hinh toan thyc té trong
t6i wu héa va vat 1y, bai toan tim khong diém ctia tong ctia hai toan tit don dieu
cuc dai hay bai toan tim khong diém chung ctia hai toan ti kiéu don dieu va
tong quat hon 1a bai toan tim khong diém chung ctia mot ho hitu han cac toan
tit kiéu don dieu, da thu hat su quan tam nghién ctu ctia nhiéu nha toan hoc
trén thé gidi.

Nam 2005, H. H. Bauschke, P. L. Combettes va S. Reich [11] da dé xuat két
hop phuong phap diém gan ké va phuong phap lip luan phién cho bai toan xéc
dinh khong diém clia hai toan t don dicu cyc dai trong khong gian Hilbert.
Tuy nhién, ho chi thu dugc sy hoi tu yéu. Nhu vay mot van dé dat ta la lieu
rang c6 thé cai tién phuong phéap lip luan phién cho bai toan tim khong diém
chung ctia hai toan ti kiéu don dieu, dong thoi phuong phap dat ra sé hoi tu
manh dén nghiém ctia bai toan.

Bai toan tim diém bat dong chung ctia mot ho hitu han cac anh xa khong
gian trong khong gian Hilbert hay khong gian Banach la mot truong hop riéng
clia bai toan chap nhan 16i: “Tim mot phan ti thuoc giao khéac rdng clia mot ho
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hitu han hay vo han céc tap con 16i va déng {C;};c; ctia khong gian Hilbert H
hay khong gian Banach E”. Bai toan nay c6 nhiéu ting dung quan trong trong
cac linh vire khoa hoc khac nhau nhu: Xit 1i anh, khoi phuc tin hiéu, vat ly, y
hoc ... Mot trong nhitng mdé rong cia 16p anh xa khong gian trong khong gian
Banach 1a 16p anh xa Bregman khong gian manh (khong gian theo khoéng cach
Bregman). Bai toan tim diém bat dong ctia 4nh xa Bregman khong gian manh
c6 moi lien he mat thiét v6i cac bai toan khac nhu bai toan chap nhan 16i, bai
toan tim khong diém ctia toan ti don dieu cuc dai, bai toan can bing, bai toan
bat dang thic bién phan ... Do dé, viec nghien cttu céc phuong phap tim diém
bat dong chung ciia mot ho hitu han 4nh xa Bregman khong giin manh c6 nhiéu
¥ nghia quan trong va dang dugc nhiéu nguoi lam toan trong va ngoai nudc
quan tam nghién ciu.
Muc dich ctia dé tai nay la:

e Nghién cttu két hgp phuong phéap lip luan phién véi phuong phap xap xi
mém hay phuong phap prox-Tikhonov cho bai toan tim khong diém chung
cua hai toan tit j-don diéu trong khong gian Banach;

e Phuong phap lip song song cho bai toan khong diém chung tach trong
khong gian Banach;

e Nghién citu phuong phap lap song song gidi bai toan tim diém bat dong
chung ctia mot ho hitu han toan tit Bregman khong gian manh va hé bai
toan can bang hén hop tong quat trong khong gian Banach phan xa;

e Dua ra mot s6 tng dung clia cac két qua thu duge cho cac 16p bai toan
lién quan.

Noi dung chinh ctia dé tai duge chia lam bén chuong:
Chuong 1. Kién thiic chuan bi

Trong chuong nay ching toi dé cap dén mot s6 van dé co ban vé cau tric
hinh hoc clia khong gian Banach, mot s6 phuong phap tim khong diém ctia toan
t1t kieu don diéu (phuong phap diém gan ke, phuong phéap lap kiéu Halpern va
phuong phap xap xi mém), khoang cach Bregman, phép chiéu Bregman, anh xa
Bregman khong gian manh vi mot s bo dé bd trg can st dung trong ching
minh cac dinh 1y chinh dugc dé cap 6 nhitng chuong sau ctia dé tai.
Chuong 2. Xap xi khong diém chung ctia hai toan ti j-don diéu

Chuong nay trinh bay céc két qua nghién cttu ciia dé tai clia cac tac gia T.M.
Tuyen [65], J.K. Kim va T.M. Tuyeén [39], [40], T.M. Tuyen va N.S. Ha [66]
vé phuong phép lai ghép tim khong diém ctia mot toan ti j-don diéu, phuong
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phap lap luan phién két hop véi phuong phap xap xi mém hay phuong phap
prox-Tikhonov cho bai toan tim khong diém chung ciia hai toan ti j-don dieu
trong khong gian Banach va phuong phap lip song song cho bai toan tim diém
bat dong chung ctia mot ho hitu han day anh xa gan khong gian, cling véi cac
ting dung ctia n6 cho cac bai toan lién quan. Ngoai ra, ching to6i ciing xay dung
mot s6 vi du don gidn nhdm minh hoa thém cho cac phuong phap.
Chuong 3. Xap xi nghiém cta bai toan khéng diém chung tach trong
khong gian Banach

Chuong nay trinh bay cac két qua nghién cttu vé phuong phap lip song song
ctia chti nhiem dé tai trong tai ligu [64] cho bai toan xap xi nghiém ctia bai todn
khong diém chung téch trong khong gian Banach, cting véi d6 14 mot s6 tng
dung cho cac bai toan lién quan.
Chuong 4. Diém bat dong chung ctia anh xa Bregman khéng gian
manh

Chuong nay trinh bay cac két qua dat duge ctia dé tai tir bai béo [62], [63] vé
hai phuong phap lap song song diya trén phuong phap lai chiéu va phuong phap
chiéu co hep cho bai todn tim mot diém bat dong chung clia mot ho hitu han
toan t1it Bregman khong gian manh trong khong gian Banach phan xa, cting véi
do6 14 mot s6 ing dung clia cac két qua thu dude cho cac bai toan lién quan.



Chuong 1

Kién thitc chuan bi

Chuong nay bao bom 4 muc, trong d6: Muc 1.1 giéi thieu so lude vé maot
s6 dic trung co ban vé cau tric hinh hoc ctia khong gian Banach. Muc 1.2 dé
cap dén mot sd6 phuong phap tim khong diém ciia toan ti j-don diéu, bao gdm
phuong phap diem gan ké, phuong phap lip kiéu Halpern va phuong phap xap
xi mém. Muc 1.3 gi6i thiéu vé khoang cach Bregman, phép chiéu Bregman va
toan ti Bregman khong gian manh. Muc 1.4 trinh bay mot s6 bo dé bo trg can
stt dung dén trong ching minh cac dinh 1y duge dé cap trong cac chuong sau
clia dé tai.

1.1. Mot s6 van dé cd ban vé cau tric hinh hoc cta
khoéng gian Banach

Cho E la mot khong gian Banach va E* 1a khong gian déi ngau ctia né. Dé
cho don gidn va thuan tién hon, chiing t6i théng nhat st dung ki hiéu ||.|| dé chi
chuan tréen E va E* trong toan bo Chuong 1 va Chuong 2 ciia dé tai.

Trong dé tai nay, ching toi thuong xuyeén sit dung tinh chat duéi day cia
khong gian Banach phan xa.

Meénh dé 1.1. (xem [1] trang 41) Cho E la mot khong gian Banach. Khi dé,
cdc khing dinh sau la tuong duong:

i) E la khong gian phan zq.
ii) Moi day bi chan trong E, déu c6 mot day con hoi tu yéu.

Tiép theo, trong muc nay ching toi dé cap dén mot s6 van dé co ban vé cau
tric hinh hoc cac khong gian Banach, nhu: tinh 16i, tinh tron, moé dun 16i, mo
dun tron ...
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Dinh nghia 1.1. Khong gian Banach E dudc goi 13 16i chat néu véi moi z,y €
E,z#ymallz] =1, [yl =1 taco

Tr+y

<1

Chu y 1.1. Dinh nghia 1.1 con c6 thé phat bieu dudi cac dang tuong duong

sau: Khong gian Banach E dudc goi 1a 16i chat néu véi moi z,y € Sg thoa
-z +yl
man

= 1, suy ra * = y hodc v6i moi z,y € Sp va © # y ta ¢b
Itz + (1 —t)y|| < 1 v6i moi ¢ € (0,1), trong do
Sp={x€E: |z|| =1}

Dinh nghia 1.2. Khong gian Banach E dugce goi 1a 161 déu néu véi moi
e > 0, ton tai d(e) > 0 sao cho véi moi z,y € E ma |z = 1,
llyl| = 1, ||z — y|| > € ta ludn co6

r+y

H <1-4().

Dé thay rang néu E 1a mot khong gian Banach 16i déu thi né 1a khong gian
Banach 10i chat. Tuy nhién diéu ngugc lai khong ding, vi du dudi day chi ra
diéu do.

Vi du 1.1. (xem [1] trang 54) Xét E = ¢y (khong gian cac day sd hoi tu ve
khong) véi chuan |.||s xac dinh béi

0.9]

||x||5=||:c||co+6(2 ) o= (@) € o

=1

Khi d6, (E,|.|3), 8 > 01a mot khong gian 161 chat nhung khong 1a khong gian
16i deu.

Dé do tinh 16i ctia khong gian Banach E, ngudi ta dua vao khai niem sau:
Mo dun 16i ctia khong gian Banach E 1a ham s6

Tty

5p(2) = inf {1 -

H Nl < Loyl < 1 fle =il }

Nhan xét 1.1. Mo dun 10i ctia khong gian Banach E 13 ham s6 xac dinh,
lien tuc va tang tren doan [0;2]. Khong gian Banach E 16i chit khi va chi khi
dg(2) =1 (xem [1] trang 59). Ngoai ra, khong gian Banach E la 16i déu khi va
chi khi dg(e) > 0, Ve > 0 (xem [1] trang 60).
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Ménh dé 1.2. (xem [1] trang 56) Moi khong gian Banach 1oi déu bat ki la khong
gian phan za.

Dinh nghia 1.3. Khong gian Banach E dudc goi 1a tron néu véi mdi
x € Sg, ton tai duy nhat f, € E* sao cho (z, f) = [|z| va || f:|| = 1.

Dinh nghia 1.4. Cho F la mot khong gian tuyén tinh dinh chuan. Chuan trén
E dugc goi 1a kha vi Gateaux tai diém x € Sp néu v6i mdi y € Sg, ton tai gidi
han

d B e e 1
e + tyllymo = im 1L (11)

Dinh nghia 1.5. Cho E la mot khong gian tuyén tinh dinh chuan. Khi do:

a) Chuan trén E dugc goi la kha vi Gateaux néu né kha vi Gateaux tai moi
x € Sg.

b) Chuan trén E dugc goi la kha vi Gateaux déu néu v6i moi y € Sg gidi han
(1.1) ton tai déu véi moi z € Sg.

c¢) Chuan trén E dugc goi la kha vi Fréchet néu véi moi x € Sg, gisi han (1.1)
ton tai déu véi moi y € Sg.

d) Chuan trén E dugc goi 1a kha vi Fréchet déu néu gisi han (1.1) ton tai déu
v6i moi x, y € Sg.

Dinh 1y 1.1. (xem [1] trang 92) Cho E la mot khong gian Banach. Khi do, ta
o cac khang dinh sau:

a) Néu E* la khong gian loi chat thi E la khong gian tron.
b) Néu E* la khong gian tron thi E la khong gian 107 chdt.

Dinh nghia 1.6. Mo dun tron ctia khong gian Banach F 13 ham s6 xac dinh
bai

pe(r) =sup{27' (llz +yll + [l —yll) = 1+ [« =1, [ly] =7}
Nhan xét 1.2. Mo dun tron ciia khong gian Banach £ 13 ham s6 xac dinh, lién
tuc va ting trén khoang [0; +00) (xem [1] trang 95).

Vi du 1.2. [1] Néu F la khong gian [P hodc LP(£2), thi ta c6

1
1+ —1< =P, 1<p<2,
pe(T) = b (1.2)

—1 1
p2 7'2+0(7'2)<p 2, p> 2.
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Dinh 1f dudi day cho ta biét vé moi lien hé gitta mo dun tron cia khong gian
Banach E véi mo dun 16i ctia E* va ngudc lai.

Dinh 1y 1.2. (xem [30] trang 70) Cho E la mot khong gian Banach. Khi dé ta
co

a) px-(7) = Sup{%g —6x(e): £ €[0,2]}, 7> 0.
b) px(1) = Sup{%s —bx-(e): £€[0,2]}, T > 0.

Nhan xét 1.3. Tu Dinh li 1.2, suy ra

o €O(E*)
2

50(E>
2 )
pe(T)

po(E) va po(E") =

trong d6 £o(F) = sup{e: dr(e) =0}, po(E) = lim,
Dinh nghia 1.7. Khong gian Banach E dugc goi 1a tron déu néu

lim pe(7)

7—0 T

=0.

Tw Nhan xét 1.3, ta ¢6 dinh 1y dudi day:

Dinh ly 1.3. (xem [30] trang 70) Cho E la mot khong gian Banach. Khi do ta
6 cdc khdang dinh sau:

a) Néu E la khong gian tron déu thi E* la khong gian 10i déu;
b) Néu E la khong gian loi déu thi E* la khong gian tron déu.

Vi du 1.3. Moi khong gian Hilbert, khong gian [P hay LP(Q2) véi
1 < p < 400 déu la khong gian Banach 16i déu va tron déu (xem [1]).

Dinh nghia 1.8. Khong gian Banach E dugdc goi 1a ¢-tron déu, néu ton tai
hang s6 ¢ > 0 sao cho pr(t) < ct? véi moi t > 0.

Vi du 1.4. Cac khong gian P va LP(Q) 1a min{2,p}-tron déu vdi
1 <p<+4oo (xem [1]).

Dinh nghia 1.9. Cho F la mot khong gian tuyén tinh dinh chuan, anh xa da
tri J: E — 2P xac dinh béi

J@) ={f € E": (z.f) = |lz]? || = IIfI}

duge goi 1a anh xa déi ngdu chuan tic cla F.
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Chu y 1.2. Trong khong gian Hilbert, anh xa déi ngdu chuan tic tring véi anh
xa dong nhat I.

Nhan xét 1.4. Trong khong gian tuyén tinh dinh chuan bat ki E, ta luon c6
J(z) # 0 v6i moi x € E, dieu nay suy ra tryc tiép tit heé qua ctia Dinh ly Hahn
- Banach.

Meénh dé duéi day dé cap dén mot s6 tinh chat don gidn ctia anh xa d6i ngau
chuan tic J ctia khong gian tuyén tinh dinh chuan FE.

Ménh dé 1.3. (xem [1] trang 69) Cho E la mot khong gian tuyén tinh dinh
chudn va J la dnh va doi ngau chuan tic cia né. Khi do,

i) J la mot dnh za lé, tic la J(—z) = —J(x), Vo € E;
ii) J la thuan nhat duong, tic la J(A\x) = M\J(x), VA >0, Vr € E;
iii) J bi chdn, tic la néu D la mot tap con bi chan cia E thi J(D) la mot tap
hop bi chan trong E*;
iv) Néu E* la loi chat thy J la don tri;

v) J la don tri va lién tuc déu trén moi tap con bi chin ciua E khi va chi khi
E la khong gian Banach tron déu.

Vi du 1.5. Xét khong gian [P, v6i p > 1. Vi khong gian ddi ngau /¢ ctia khong
gian [P 1a 16i déu, nén anh xa dbi ngdu chuan tic J ciia [P 1a don tri va dé thay
né dude xac dinh nhu sau:

O néuz=2~0
J(z) = )
{{nn} €linéuz={&} #0,

trong d6 ng = &kl sgn(&e)|[z[|*7P v6i moi k > 1.

Duéi day, chiing toi sé dé cap dén khai niem anh xa co rat khong gidn theo
tia cling véi mot s6 tinh chat co ban cia n6 va day ciing 13 anh xa thuong xuyén
ducdce dé cap dén trong hau hét cac két qua nghién ctu clia dé tai.

Dinh nghia 1.10. Cho £ 134 mot khong gian Banach va C' 13 mot tap con 1oi
dong ciua E. Mot anh xa Q¢ : E — C dugc goi la:

a) co rat néu Q%(x) = Qo(x), Vo € F;
b) co rat khong gian néu Q¢ 1a co rat va la mot anh xa khong gian, tic 1a

1Qc(z) = QeI < llz —yll, Yo,y € E;
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¢) co rut khong gian theo tia néu Q¢ 1a mot co rat khong gidn va théa man
tinh chat

Q0<Q0(5L‘) + t(I — Q0<I))) = Qc(SL’), Ve FE, te (O, 1).

Dinh nghia 1.11. Mot tap con 16i déng C ctia khong gian Banach E dugce goi
la:

a) co rat ciia F néu ton tai mot anh xa co rat tit F len C;

b) co rat va khong gian ctia E néu ton tai mot anh xa co rat khong gian tir
E len C;

¢) co rat va khong gian theo tia cia E néu ton tai mot 4nh xa co rat khong
gian theo tia tit £ 1én C.

Ménh dé 1.4. [1] Cho E la mot khong gian Banach o7 déu. Khi dé, moi tap
con 1o, dong va khdc rong C cia E déu la tap con co rit cia E.

Cha y 1.3. Anh xa co rit tit £ len C trong Ménh dé 1.4 chinh 1a phép chiéu
meétric Po: E — C dudc xac dinh béi

|z — Poz|| = inf ||z — u||, v6i moi x € C.
ueC
Cudi cling, trong muc nay, ching to6i dé cap dén khai niém khoang cach
Hausdorff gitta hai tap hop trong khong gian Banach.

Dinh nghia 1.12. Cho A va B la hai tap con ctia khong gian Banach E. Khoang
cach Hausdorff gitta A va B duge xac dinh béi

%(Aa B) = maX{B(*A? B)7 B(Ba A)}v

trong d6 5(A, B) = sup inf ||u — v|| = supd(u, B).
ucAvEB u€A
1.2. Mot sé phuong phap tim khong diém ctia toan ti
j-don diéu
Dinh nghia 1.13. Cho E la mot khong gian Banach. Toan ti

A: D(A) Cc E — 2F duge goi 1a j-don dieu néu v6i moi x,y € D(A),
ton tai j(z —y) € J(z — y) sao cho

(u—v,j(x—y)) >0, Vuc A(z), v € A(y). (1.3)
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Chu y 1.4. Trong khong gian Hilbert khai niém toan ti don diéu va toan tit
j-don diéu trung nhau.

Dinh nghia 1.14. Toan tit j-don dieu A : D(A) ¢ E — 2F dugc goi 1a m-j-
don dieu néu R(I + AA) = F v6i moi A > 0, § day R(I + AA) 1a mién anh cta
I+ XA va I 1a toan tit dong nhat trén E.

Cha y 1.5. Néu E 1a mot khong gian Hilbert thi khai niém toan tit m-j-don
diéu trung véi khai niém toan tit don diéu cuce dai.

Vi du 1.6. [55] Cho f : H — R la mot ham 16i chinh thuong ntia lien tuc
dudi. Khi do, toan tit dudi vi phan

of(x)={uve H: f(y)— flx) > ({y—=z,u), Vy € H}
1a mot toan tit don diéu cuc dai.

Dinh nghia 1.15. Cho A : D(A) C E — 2F 13 mot toan tit j-don dieu

thoa man diéu kién mién, tic 1la D(A) C NMysoR(I + AA). Khi do, toan ti
JA = (I +rA)~! duge goi 1a todn tit giai ciia A.

1.2.1. Phuong phap diém gan ké

Trong muc nay, trude hét ching toi trinh bay khai quat vé phuong phap diém
gan ké cho phuong trinh véi toan tit don diéu va toan ti j-don dieu.
Xét bai toan
Xac dinh phan ti 2* € D(A) sao cho A(z*) 3 6, (1.4)
v6i A: D(A) C E — 2F 13 mot toan tit m-j-don diéu.

Khi A la m-j-don diéu trong khong gian Hilbert H, nghia la A la toan ti
don diéu cyce dai thi Rockafellar R. T. [57] da xét phuong phap lap

cnATpi1 + Tyt D xy, xg € H, (1.5)

& day ¢, > co > 0 va goi la phuong phap diém gan ké. Rockafellar ciing da chi
ra sy hoi tu yéu ctia day 1ap {z,} xac dinh bdi (1.5) vé mot nghiem clia bai toan
(1.4).

Két qua clia Rockafellar duge mo ta trong dinh 1i dudi day:

Dinh 1y 1.4. Néu ton tai ¢ > 0 sao cho ¢, > ¢ vdi moi n, thi day {x,} zdc
dinh bdi (1.5) hoi tu yéu vée mot nghiém cia phuong trinh A(z) 3 6.
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Chu y 1.6. Phuong phap diém gan ké duge Martinet B. dé xuat lan dau tién
trong tai lieu [43] cho bai toan cuc tiéu phiém ham 16i, chinh thudng, nta lien
tuc dudi ¢ : H — RU {+o0} & dang sau

: 1 e
Tni1 = argmingc g {¢(y) + %”xn —y|*} véi moi n > 1. (1.6)

Cha y 1.7. Nam 1991, Giiler [32] da xay dung mot vi du dé chi ra phuong phap
lap (1.5) khong phai lic ndo ciing hoi tu manh trong trudng hop téng quat. Mot
vi du gan day clia cac tac gid Bauschke, Matouskova va Reich [10] dya trén sy
két hop gitta phuong phap diém twa va vi du ctia Hundal [34] vé sut hoi tu yéu
ctia phuong phap chiéu luan phién cho bai toan chap nhan 16i, ciing chi ra réang
day lap {z,} xac dinh bdi (1.5) chi hoi tu yéu ma khong hoi tu theo chuan.

1.2.2. Phuong phap lap kiéu Halpern

Kim va Xu [41], Xu [67] da cai tién phuong phéap lap Halpern cho bai toan
xac dinh khong diém ctia toan tit m-j-don diéu A trong khong gian Banach tron
déu hoac khong gian Banach phan xa c6 dnh xa ddi ngdu chuan tic lien tuc yéu
theo day ¢ dang sau:

{:(:0 =x ek, (1.7)

Tpt1 = apu+ (1 — ozn)Jéxn,

trong d6 v € D(A) la mot phan ti bat ky va {a,} C (0,1). Ho da chi ra ring
day {z,} xac dinh béi (1.7) hoi tu manh vé mot khong diém clia A dya trén céc
dieu kién sau:

1) im0y =0, Y07y = 00;
) Y2l — anl < 00,
iii) B, >7>0v6imoin vad - |Bu+1 — Bn| < 00, hodc

Bn
Bn+1

Aoyama va cong sy [6] da nghién citu phuong phap lip dudi day trong khong

iv) Bp>r>0véimoinvad - |1— | < 0.

gian Banach 16i déu v6i chuan kha vi Gateaux déu:

{Io =xe(, (18)

Tpe1 = apu+ (1 — ozn)J;ixn,
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trong d6 A 1a mot toan tit j-don diéu théa man A~0 # () vi D(A) C C C
Ny>oR(I + rA). Ho da chiing minh rang day {z,} xac dinh béi (1.8) hoi tu
manh vé mot khong diém ctia A duya trén cac diéu kién i), ii) va iv).

Qin va Su [48] cling da nghién cttu mot cai tién don gian clia phuong phap
lip (1.7) cho bai toan xac dinh khong diém ctia toan tit m-j-don di¢u A trong
khong gian Banach tron déu hofic khong gian Banach phan xa c6 anh xa doi
ngau chuan tic lien tuc yéu theo day & dang sau:

To=2a € E7
Yn = ﬁnxn + (1 - ﬁn)J{ixna (19)

Tpa1 = apu + (1 — ap)yn,

trong d6 u € D(A) la mot phan tt bat ky, cac day s6 {a,} va {$,} nam trong
(0,1). Ho da chi ra rang day {z,} xac dinh béi (1.9) hoi tu manh vé mot khong
diém ctia A dya trén ca diéu kien i) va ii) doi véi {a,}, {B,} v diéu kien iii)
d6i v6i {rn}.

1.2.3. Phuong phap xap xi mém

Duya trén phuong phap xap xi mém [44, 68], Chen va Zhu [27, 28] da dé xuat
phuong phap liap duéi day cho bai toan xéac dinh khong diém ctia toan tit j-don

diéu A:
=z e,
= (1.10)
Tnt1 = o f(zn) + (1 — an)J;ixn.
V6i cac diéu kién i), ii) d6i v6i {a,} va iv) dbi véi {r,}, ho da chi ra rang khi
E 1a khong gian Banach ¢6 4nh xa ddi ngau lien tuc yéu theo day (xem [27])
hodc khi F la khong gian Banach tron déu (xem [28]), thi day {x,} xac dinh
bdi (1.10) hoi tu manh vé mot khong diém ciia A.
J.S. Jung [36, 37] ciing da nghién citu cac phuong phap lap dudi day:

(xo =xe(,
§ Yn = anf(xn) + (1 — ) JA . (1.11)
(21 = (1= Ba)yn + Bud L Yns
va )
xg=x € C,
§ Yn = anf(xn) + (1 — ) JA . (1.12)

\xn+1 = (1 - 6n)yn + BnYn,
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va da chi ra sy hoi tu manh ctia day {z,} vé mot khong diém ctia A trong khong
gian Banach phan xa c6 chuan kha vi Gateaux déu dya trén cac dicu kien i), ii)
doi v6i {a,}, dieu kien iii) déi véi {r,} va diéu kien 8, € [0,a) v6i a € (0,1).
Khi £, = 0 v6i moi n, thi {z,} xac dinh béi (1.11) va (1.12) tré thanh

ro=x € C,
(1.13)
Tnt1 = anf(zn) + (1 — an)J 2 2y,

1.3. Khoang cach Bregman va anh xa Bregman khong
gian manh

1.3.1. Khoang cich Bregman va phép chiéu Bregman

Cho E la mot khong gian Banach va cho f: E — (—o0, +00| 1a mot ham
6. Ta ky hiéu mién hitu hieu domf 1a tap{z € F : f(z) < +o00}. V6i mbi z €
int domf va y € E, ta ky hieu f'(x,y) la dao ham phai ctia f tai x theo hudng
y, tic la

. +ty) — f(z)
Flay) =1lim ,

Ham f dugc goi la kha vi Gateaux tai x néu gidi han limy_,o(f(x +ty) — f(x))/t
ton tai v6i moi y. Trong truong hop nay f'(z,y) trung véi (7 f)(x), gia tri cla
gradient /f clia f tai z. Him f dudce goi 1a kha vi Fréchet tai x néu giéi han
trén ton tai deu trén tap ||y|| = 1. Ham f dugc goi 1a kha vi Fréchet deu trén
tap con C' of F néu gi6i han trén ton tai déu véi moi x € E va ||y|| = 1. Ta biét
rang néu f 1a kha vi Gateaux differentiable (kha vi Fréchet) trén int domf, thi
f lien tuc va dao ham Gateaux derivative 57 f ctia n6 1a lién tuc norm-to-weak™
(lien tuc) trén int domf (xem [13]).

Cho f: E — (—00,400] 1a mot ham 16i, chinh thudng va nita lien tuc
dué6i. Cho z € int domf, dudi vi phan ctua f tai x duge xac dinh bdéi

of(x) ={z" € E*: f(z)+ (2",y— ) < f(y) Vy € E},

va ham lién hgp cta f 1a f*: E* — (—o00, +00| duge xac dinh béi

fr(x*) = sup{{z*,z) — f(z)}.

reX

Cho E la mot khong gian Banach phan xa, mot ham f: E — (—o0,+00]
dudc goi 1a Legendre néu va chi néu né théa man hai diéu kién sau:
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L;) Phan trong int domf clia mién hitu hig¢u ctia f khac rong, f kha vi Gateaux
trén int domf va domsy f = int domf;

L) Phan trong int domf* ctia mién httu hiéu ctia f* khac rong, f* kha vi
Gateaux trén int dom f* va domyy f* = int dom f*.

Vi E la phan xa, nén (9f)~! = f* (xem [13]). Do do, tit cac diéu kien L;) va
L), ta c6 cic dang thiic sau:

vf=(vf) rany f =dom v f* = int domf*
va
rany/ f* = dom v/ f = int domf,
trong d6 rany/f 1a mién anh ctia </ f.

Khi duéi vi phan ctia f 1a don tri, thi n6 dong nhat véi 0f = 7 f (xem [19]).
Bauschke et al. (xem [8]) cac diéu kien L;) va Ly) cling suy ra rang cac ham f
va f* 1a 16i chat trén phan trong clia mién hitu hiéu tuong tng. Néu X 1a mot
khong gian Banach tron va 16i chit, thi f(z) = ~[|z||’, 1 < p < +oo 1a ham

p
Legendre. Tu day, ta luon gia thiét rang X 13 khong gian Banach phan xa.

Cho f: X — (—o00,400] la mot ham 16i kha vi Gateaux. Ham Dy :

domf x int domf — [0, +00) xac dinh bdi

Dy(y,x) = f(y) — fz) = (V[(2),y — x), (1.14)

duge goi 1a khoang cach Bregman tuong tng véi f (xem [24]). Khodng céach
Bregman c6 hai tinh chat quan trong, dé la dang thic ba diém: v6i bat ky
x € dom f va y,z € intdom f,

Df(.fL‘,y) + Df(yv Z) - Df(:[:,z) = <Vf(z> - Vf(y)ax - y>7 (115>

va dang thitc bén diém: v6i bat ky y,w € dom f va z, z € int dom f,

Di(y,x) = Dy(y, 2) = Dy(w, z)
+ Dy(w,2) = (Vf(2) =V [(2),y —w).

Cho f: X — (—00,+00] la mot ham 16i va khé vi Gateaux. Phép chiéu
Bregman clia € int domf lén tap con 16i, déng va khac rdng C' C domf la

vécto duy nhat projé(:l;) € C théa man

(1.16)

Df(projé(x),x) =inf{Ds(y,z) : y e C}.
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Néu X 1a mot khong gian Banach tron va 16i chit va f(x) = ||2]|? v6i moi z € X,
thi v/ f(x) = 2Jx v6i moi z € X, trong d6 J 1a 4nh xa dbi ngau chuan tic X
vao 287 v do d6 Dy(w,y) tré thanh é(z,y) = ||=|? — 2(x, Jy) + ||y||?, v6i moi
z,y € E, day la ham Lyapunov dugc xay dung bdi Albert trong [5] va phép
chiéu Bregman projl,(z) tré thanh phép chiéu tdng quét Mo(z) duge xéc dinh
bdi

¢(llc(2), z) = min ¢(y, z).

ye
Néu X = H la mot khong gian Hilbert, thi J 14 anh xa dong nhat va do d6 phép
chiéu Bregman projé(aj) trd thanh phép chiéu métric ti H len C.
Cho f: E — (—o0,+0o0] la mot ham 16i va kha vi Gateaux. Khi do, f
duge goi la:

a) 1061 hoan toan tai z € int domf néu cac modul ctia tinh 16i hoan toan cta
né tai x, tic la ham vy @ int domf x [0, +00) — [0, 400) xac dinh bdi

vp(z,t) = inf{Dy(y,2) : y € domf, ||y — || =},
la duwong v6i moi ¢t > 0;
b) 18i hoan toan néu no 1 tong 16i tai moi = € int domf;

¢) 16i hoan toan trén céc tap con bi chan néu vs(B,t) la duong véi moi tap
con bi chian B clia X va t > 0, trong dé6 modul ciia tinh 16i hoan toan ctia
ham f trén tap B 1a ham vy : int dom f X [0, 4+00) — [0, +00) xac dinh
bdi
vf(B,t) = inf{vs(z,t) : x € BNint domf}.

1.3.2. Anh xa Bregman khéng gidn manh

Cho C 1a mot tap con 10i ctia int domf va cho T 1a mot anh xa tit C' vao
chinh né. Mot diém p thuoc bao déng ctia C' dude goi la diem bat dong tiem
can cia T (xem [25], [49]) néu C chtta mot day {z,} hoi tu yéu vé mot phan
tt p sao cho lim,, o ||z, — T2, || = 0. Tap céc diem bat dong tiem can ctia T
dugce ky hiéu 1a F (T"). Toan tit T' duge goi la (tuwa)Bregman khong gian manh (
ky hieu 1a BSNE) ting véi tap khéc rong F(T) néu

D¢(p,Tz) < Dy(p, ), (1.17)
v6i moi p € F(T) va & € C, va néu {x,} C C la bi chan, p € F(T), va

lim (D¢(p,zn) — Ds(p, Txy)) = 0, (1.18)

n—-+o0o
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ta nhan dugc
lim D¢(Txy,x,) = 0. (1.19)

n—-+00

Mot toan ti T : C' — C duge goi la Bregman khong gian ving (ky hiéu la
BFNE) néu

(Vf(Tx) = f(Ty), Tx—Ty) <(Vf(z) =V fy), Tz —Ty), (1.20)

véi moi z,y € C. R rang rang, tit dinh nghia clia khodng cach Bregman (1.14)
bat dang thiic (1.20) tuong duong véi

Dy(Tx, Ty) + Dy(Ty, Tx) + Dy(Tx, x) + Dy(Ty,y) < Dp(T,y) + Dy(Ty, z).
(1.21)
Trong [53] (xem B dév 1.3.2), Reich va cong sit da chitng minh rang moi toan ti
BFNE T déu théa man F(T) = F(T) khi ham Legendre f 1a kha vi Fréchet déu
va bi chan trén méi tap con bi chin ciia X. Trong trudng hop nay, néu 7' 1a toan
tit BENE, thi T 1a toan tit BSNE tuong ting v6i tap khac réng F(T) = F(T).

1.4. Mot sd bd dé bo trg

Ta can céc bo dé dudi day trong viéc chitng minh céc két qua chinh duge gidi
thiéu trong cac chuong sau ctia dé tai.

Bo6 dé 1.1. [30] Cho C la mét tap con loi, déng va khdc rong cia khong gian
Banach phdn za E va E théa man dieu kién cia Opial. Gid st T : C — E la
mot dnh xa khong gian. Khi do, anh xa I — T la nia dong trén C'.

Bo6 dé 1.2. [7] Cho A: D(A) — 2F la mot todn tit j-don dieu. Khi dé, vdi
A, uw>0wvax € FE, ta co

Jiz = Jf <§l’ + (1 — %)Jj\‘lx)

Bo6 dé 1.3. [1] Cho E la mot khong gian Banach loi deu. Khi dé, vdi moi
z,y € E vdi max{||z|], ||ly|ll} <R va vdi moi j, € J(x), j, € J(y), ta cé

(x =y, Jo —Jy) = 9(lz —ylDllz =y,
trong dé g : RT — R la ham so théa man cdic dieu kién

g(0) =0, g(t) >0 vdi moit>0wvat<s= g(t) <g(s).
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Bo6 dé 1.4. [1] Cho E la mot khong gian Banach va cho J la dnh va déi ngdu
chuan tdic trong E. Néu E* la khong gian 10i déu, thi J la lién tuc déu trén moi
tap con bi chan cia E, tic la, vdi moi e > 0 va K > 0, ton tai so 6 > 0 sao
cho, néu ||z|| < K, ||yl < K va ||z —y| < 3, thh

[7(x) = J(y)ll <e.

B6 dé 1.5. [31] Cho C la mot tap con loi va khdc mong ciia khong gian Banach
tron E, D la mot tap con khdc rong cia C va P la mot dnh za co it tu C lén
D. Khi dé, cic khang dinh sau la tuong duong:

a) P la anh xa co it khong gian theo tia;
b) (x — Pz,j(z — Pz)) <0 vdi moiz € C, z€ D;
¢) (v —y,j(Px — Py)) > ||Px — Pyl||* vdi moi z,y € C;
B6 dé 1.6. [47] Cho E la mot khong gian Banach. Vi moi x,y € E, ta c6
lz +yl” < 2] + 2y, (= +y)),
vdi moi j(x +y) € J(x +y).

Bo dé 1.7. [29] Cho A : D(A) C¢ E — 2F la mot todn ti j-don diéu va
r,t > 0. Néu E la khong gian Banach 10i déu, thi ton tai mot ham so lien tuc,
tang ngat va loi ¢ : RY — R* vdi p(0) = 0 sao cho

1 = J2l? < llo = yl® = oI = Iz — (1 = Jyl)),

vdi moi x,y € R(I +rA) vdi max{||z||,||y||} <t
Nhic lai, mot anh xa F': F — E dudc goi 1a 6-j-don diéu manh néu véi
moi z,y € E ton tai j(x — y) € J(x — y) sao cho

(F(z) = F(y),j(z —y)) = 8]z — yl*

v6i 6 € (0,1). Anh xa F: E — F dugc goi la A-gia co chit [16] néu véi mbi
x,y € E ton tai j(z — y) € J(x — y) sao cho

(F(x) = F(y).j(z —y)) < llz = yl* = AMlz —y = (F(2) - F(y))l|

véi A € (0,1) va F duge goi la gid co néu véi moéi z,y € E ton tai j(zr —y) €
J(z — y) sao cho
(F(z) = F(y),j(z —y)) < [lz —yl*.
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Bo6 dé 1.8. [21] Cho E la mot khong gian Banach thyc tron va F: E — E
la mot anh za. Néu F la §-j-don diéu manh va \- gid co chat vdi § + X\ > 1, thi
1—-6

vdi moi T € (0,1], I — 7F la dnh xa co vdi hé $6 co 1 — 7(1 — T)

Bo6 dé 1.9. [70] Cho E la mot khong gian Banach c6 chuan khd vi Gateaur
deu, C la mot tap con loi, dong va khdac rong cia E, f : C — C la mot
anh za lién tuc, T : C — C la mot anh za khong gian va {x,} la mot day
bi chan trong C' sao cho lim,_, ||z, — Tz,|| = 0. Gid st {z} C C dugc zdc
dinh bdi zz = tfz + (1 —t)T2z,t € (0,1) théa man z — z khit — 0. Khi do
lim Supn—>oo<fz - Z?](In - Z)> <0.

B6 dé 1.10 (xem [2], Dinh Iy 1.8). Néu f: X — R khd vi Fréchet déu, thi f
lien tuc deu trén X .

B6 dé 1.11 (xem [50], Ménh dé 2.1). Néu f: X — R la kha vi Fréchet déu
va bi chan trén moi tap con bi chan ciua X, thi sy f lién tuc déu trén moi tap
con bi chan cua X tu topo manh cia X vao topo manh ciua X*.

B6 dé 1.12 (xem [54], Ménh dé 2.2). Néu z € int domf, thi cic khdng dinh
dudi day la tuong duong:

i) Ham f la loi hoan toan tai x;
ii) Vdi bat ky day {y,} C domf,

lim D¢(yn,z) =0,

n——+00
ta déu cd limy,_, 4o ||y — || = 0.

Nhic lai ring, mot ham f duge goi 1a 6n dinh day (xem [19]) néu véi hai day
bat ky {x,} va {y,} thuoc int domf va domf, tuong ting, sao cho day thit nhat
bi chan va limy, o0 D¢(Yn, z,) = 0, thi lim, o ||y, — 2] = 0.

B6 dé 1.13 (xem [18], B6 dé 2.1.2). Ham f la loi hoan toan trén moi tap con
bi chin néu va chi néu né la on dinh day.

Bo dé 1.14 (xem [19], He qua 4.4). Gid st f kha vi Gateaus va 1oi hoan toan
trén int domf. Cho x € int domf va cho K C int domf la mot tap khdc rong,
10i va dong. NéuT € K, thi cic khang dinh dudi day la tuong dwong:

i) T = projf((x);
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ii) T la nghiem duy nhat cia bt dang thiic bién phan
(V) =vf(z),z—y) 2 0Vy € K;
iii) T la nghiém duy nhat cia bat dang thic

D¢(y,2) + Df(z,2) < Dy(x,y) Vy € K.

Bo dé 1.15 (xem [51], B6 dé 3.1). Cho f : X — R la mot ham khd vi Gateaux
va 07 hoan toan. Néu xg € X va day {Dg(xy, o)} bi chan, thy day {x,} cing
bi chan.

B6 dé 1.16. [67] Cho {a,}, {b.}, {ca} va {o,} la cic day sé dwong théa man
cac dieu kién:

i) ant1 < (1 —=byp)ay + bpey + op,y by < 1,
i) Y0 by = +o0, limsup,_,. ¢, <0,
i) 2%, 0, < 00
Khi do lim,, . a, = 0.

Bo dé 1.17. [42] Cho {s,} la mot day s6 thic khong tang, theo nghia ton tai
mot day con {sn,} sao cho

Snp < Sppt1, Vk > 0.
Vdi n > ng zdac dinh day cic s6 nguyén duong {T(n)} nhu sau
T(n) =max{ng <k <n: s < Sk}
Khi dé 7(n) — oo khi n — oo vdin > nyg,

ma’X{ST(n)7 Sn} < Sr(n)+1-
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Chuong 2

Vé bai toan Xap xi khong diém ctia toan ti¥ kiéu
don diéu

Trong chuong nay dé tai tap trung trinh bay lai cic két qua nghién ctu dat
duge dua trén su két hop giita phuong phap diém gan keé, phuong phap lip
Mann, phuong phap lap Halpern, phuong phap xap xi gan két hay phuong phap
prox-Tikhonov véi phuong phéap lip luan phién cho bai todn tim khong diém
clla mot toan t1t j-don dieu, khong diém chung ciia hai toan tit j-don diéu trong
khong gian Banach. Ngoai ra, trong chuong nay ching toi ciing dé cap dén mot
s6 ing dung cho céc 16p bai toan khac nhu: Bai toan tim diém cyc tiéu chung
ctia hai phiém ham 16i, bai todn chap nhan 16i, bai toan bat dang thiic bién phan
va bai toan can bang. Cung véi do, chung toi cling gidi thieu mot vi du s6 dugc
lap trinh va thit nghiém s6 dua trén phan mém MATLAB nhim minh hoa thém
cho cac phuong phap lap.

2.1. Phuong phap xap xi mém lai ghép

Nam 2012, L.-C. Ceng va cac cong su da dé xuat phuong phap lip méi dé

xac dinh khong diém ctia mot toan ti m-j-don dicu [22]. Ho da chiing minh
dinh ly sau:
Dinh 1y 2.1. [22] Cho E la mot khong gian Banach trun deu, A la mot todn ti
m-j-don diéu trong E vdi C = A=(0) # 0 va cho f: E — K = D(A) la mot
anh za co. Gid st rang F : E — E la §-j-don diéu manh va \-gid co chdt vdi
d+ A > 1. Cho trudc cic day {\.}, {pn} trong [0,1], {an}, {Bn} trong (0, 1] va
{rn} C [e,00) vdi e >0, gid st rang cac diéu kién sau ding:

(1) limyyoo B =0 va Yo" By = 00;

Anfin

_— = 0;'
Bn

(if) limy_soe
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(i) {on} C [o,8], v a,b € (0,1);
(iV) ZZO:O |O‘n+1 - an| < 00, ZSLOZO |ﬁn+l - ﬁn| < 00, Z:;O:o |)‘n+1 - )\n’ < 00,
fo:o \fng1 — pn| < 00 vdZZ‘;o |71 — | < 00.

Khi dé vdi bat ky xg € E, day {x,} zdc dinh bdi

{yn = apTpy + (1 - O‘n)t]rnxna (21)

Tni1 = an(xn> + (1 - Bn)[Jrnyn - )‘n,unF(Jrnyn)]a Vn > 0,

hoi tu manh vé mot khong diém p cia A, la nghiém duy nhat cia bat dang thic

bién phan V(I — f,C), tic la

(I = fp.jp—u)) <0, Vue C.
Ta ¢6 dinh 1y sau [65]:

Dinh 1y 2.2. Cho E la mot khong gian Banach 1oi déu va tron déeu, A la mot
todn tt m-j-don dieu trong E vdi C = A~1(0) # 0 va cho f : E — K = D(A)
la mot anh xa co vdi hé s6 co 8 € [0,1). Gid st F: E — E la §-j-don diéu
manh va A\-gid co chat vdi 6 + X\ > 1. Cho trudc cic day s6 {\,}, {pn} trong
0,1], {an}, {Bn} trong (0,1] va {r,} C [g,00) vdie > 0, gid si rang cic dieu
kién sau dung:

(1) limyyoo B =0 va Y02 By = 00;
Anfin
Ba
(iii) {an} C [a,b], vdia,be (0,1);

(if) limysoc =0;

Khi dé, vdi bat ky xg € E, day {x,} zdc dinh bdi

{yn = QpTy + (1 - @n)Jrn$n7 (22)

Tniy1 = ﬁnf($n> + (1 - Bn)[Jrnyn - )‘n,unF(Jrnyn)]a Vn > 0,

hoi tu manh vé mot khong diém p cia A, la nghiém duy nhat cia bat dang thic

bién phan V(I — f,C), tic la

(I = fp,jlp—u)) <0, YueC.
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Chaing minh. Truée hét, ta chi ra {z,} 1a bi chan. That vay, ¢6 dinh u € C, ta
co

|y — ul] = lanry + (1 — an)Jp, 20 — ]
= lan(rn —u) + (1 — an)(Jr, 70 — u)|]
< apllzn = ul| + (1 — an)|| 00 — Jr, ]

< |z — ul].
Do do, tit Bé dé 1.8, ta nhan dugc

201 — ull = [|Bnf (20) + (1 = Bu)[Jrntn — Aabtn F(Jp,yn)] — ul]

< Bullf (wn) — ul

+ (1 = BT = pn F) Jp s + (1 = An) Jp e — |
< BuBllzn — ull + Ball f(w) — ul

+ (1= B) Al (L = pnF) Iy — ]

+ (L= M) 1 yn — ull]
< BuBllzn — ull + Ball f(w) — ull

+ (1= B)[Mall(I = pn ) Tr Y — (I = pin F )|

+ At [F ()] + (1 = XN) | Ty — ]
< BuBllzn — ull + Ball f(w) — ul

1—9

+u_@ﬁMQ_MQ_ — ) =l

# Mt I+ (1= A~ ol
= BuBllzs — ull + B Fu) ]
+ (1= Bn) l(l — At (1 = \/1775)) Ty = ul| + AnunHF(U)”
< BuBlle, — ull + B F(u) — ]
0= gy max { e =l (0= 250 IF 1
< BuBllzs — ull + Bl F(u) ]
1= g max e, — . (L= /2 50) " IF@I
< Bull £ () — ul
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+ (= 1= max e = ol (0= 15 P

LN )

< _ WA=/ =i
_maX{H:cn ul|, - X

Bing quy nap toan hoc, ta thu dugc

IFw) —ull ﬂ)_lllF(u)H}) Vn > 0.

[0 — ul Smax{on—uH,W .
Suy ra, {z,} bi chin.
Gia stt p 1a nghiem duy nhat ctia VI*(I — f, C), tic la
(I = f)p.jlp—u) <0, VueC,

tit Bo dé 1.6, ta ¢
201 — plI> < (1= Bn)? 1t — PII* + 2B (f (@) — P, j(@ns1 — D))
—2(1 = Bp) Aubtn{F (Jr,Yn), J (X1 — p))
= (1= Ba)?llyn — pII*> + 2B, (f(2n) — F(P), j(Tns1 — D))
+28,(f(p) = P, j(Tnt1 — p))
—2(1 = Bp) Anbtn{F (Jr,Yn), J (X1 — p))
< (1= B2)?llyn — 2l + BuBlzn — 2l + |T0rs — 1)
+28,(f(p) — P, j(Tnt1 — p))
+2(1 = Bo) Auttn | F (T yu) |21 — pl,

Do do,
(1= Bu)*llym — pII* + BuBllzn — plI*)

2
Tn+1 — P S

Anfln
- %HF(']%%)HH%H —pl.

Tu B6 dé 1.7, ta co
[yn — p||2 = [Janzn + (1 — an)Jr, 0 — p||2
< aplzn — p”2 + (1 — )|y n — p||2
< aplzn — p”2 + (1 — an)|wn — p”2
— (L —an)e(llzn = Jr,znll)
< e =2l = (1 = b)p(llzn — Jr,zal)).

(2.4)
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Tu (2.3) va (2.4), ta nhan dugc

1— (Q_ﬁ)ﬁn
1_ﬂnﬁ

10 .3~ )

M , M
P —)\nn
+1_55n+1_6 [

= (1= 8)*(1 = 0)p(llxn = Jrzall),

trong d6 M > max{ ||z, — pl||%, 2|1 F (Jr, vl |Tns1 — p||}- Ta c6 bat dang thic
sau

lzn — pl*

”anrl - p“2 <

+

Snt1 < (1= by) sy + bpcy — o, (2.5)
trong d6 s, = ||z, — pl|?, by = 2(11__—51)?1,
M1 — 8B, Anitbn 1 :
Cn = %(@ﬁ ﬁﬂ ) + 7 _ﬁ<f(p) =P, j(Tnt1 = D)),

va
on = (1= B)*(1 = b)gp(l|ln — Jr,zal)).
Ta sé chi ra s, — 0 bang cach xét hai truong hgp sau.
Trudng hgp 1. {s,} la day don di¢u tang theo nghia ton tai Ny > 0 sao
cho {s,} la tang véi n > Ny va do d6 {s,} hoi tu. Khi do, tur (2.5) ta co

0 <0, <(Sp—Snt+1) + bnlcp — s,) = 0,
suy ra
\|xn — Jp, z0l|| — 0. (2.6)

Ta chi ra
lim sup(f(p) — p, j(zn —p)) < 0. (2.7)

n—oo
That Vay, dét Ttn = tf(xm) -+ (1 — t)[Jrnxt,n — HtF(Jrna:t,n)]. Khi dé, tu Dlnh 15/
3.1 trong [22], 1, hoi tu manh vé nghiém duy nhat ctia VI*(I — f, C) khi t — 0.
Ta c6

T — Tn = (f(X1n) — ) + (1 =) (Jr, e — Tn) — (1 = )0 F (Jy, 210)-
T B6 dé 1.6, ta nhan dudc

||$t,n - xn“? <(1- t)2||Jrnxt,n - $n||2 + 2t<f(37t,n) - xnaj(xt,n — Ty))
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—2(1 = )0 F (Jr,Ttn), J (Tt — Tn))
< (1= 2| Jrnem — Jrpnl® + || Jrnn — 20]%)
+ 2L f (Te0) — Tes (Tt — T0)) + 28| 200 — T )
+ 20| F(Jr, 00|10 —
< (148w — @l
+ | Jrpzn — 2|2l 2t — @all + | Jr 20 — 20l))
+ 2t(f(210) — Toms §(@e0 — T0)) + 20| F (T ) ||| 200 — |-

Suy ra
<f(517t,n) Tin,] (xt,n - xn)>
t
< §th7n - xn“2
1 (2.8)
+ Q_tHJrnxn - an(Qth,n - xn” + ||Jrn$n - an)

0
+ ?||F(Jrnxt,n)||~||xt,n — Tnl|-
T (2.6) va trong (2.8) cho n — oo, ta thu duge

lLmsup(f(zin) — Tem, J(@en — T0))
n—oo

t
< 3 limsup ||z, — |

n—00
) 0

+ lim sup 7t||F(JrnfEt,n)||-||$t,n — |
n—00

t o
<[|(=4+—|M
> (2 + t) 1,
trong d6 My = max{sup,{|[zin — @all*}, sup, {||F (Jr,zen) |2t — 2all}} < 00
v6i moi t € (0,a] (xem [22], Dinh 1y 3.1). Lay limsup khi ¢ — 0 trong (2.9) va
tit tinh lién tuc déu theo chuan ctia anh xa doéi ngdu chuan tic trén méi tap con

bi chan ctia E, ta nhan duge (2.7).
Ta c6

(2.9)

041 = @all < [|@n41 = Tetnll + (| Jryn — Jrpnll + |20 — Jr,zall
< KBn+ |lyn — 2all + [z — Jr, 20|
= KB+ (1 — an)llzn — Jp,@nll + |20 — Jp, 20
< Kfn+ (2 —a)llzn — Jr,xnl = 0,

(2.10)
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trong d6 K = sup, {[|f (zn)[| + |/, yall} + F(Jruyn)][}- Do d6,
|Tnt1 — xn|| — 0. (2.11)

Tit (2.7) va tit tinh lien tuc déu theo chuan ctia anh xa déi ngdu chuan tic trén
moi tap con bi chin cia F, ta ¢

limsup(f(p) — p, j(znt1 —p)) < 0. (2.12)

n—oo

Do d6, tit gia thiét ta nhan duge limsup, .. ¢, < 0. Ap dung B dé 1.16, suy
ra s, — 0.

Trudng hgp 2. {s,} khong don diéu tang tit mot chi s6 nao doé. Do do, ton
tai mot day con {s,,} ctia {s,} sao cho s,, < s,,+1 v6i moi k& > 0. Tit B6 dé
1.17, ta 6 thé xac dinh day con {s,(,)} sao cho

Max{S;(n), Sn} < Sr(m)41, V1 > Ny. (2.13)
T (2.5), ta c6
0<orm < br(n)(cr(n) — Sr(n)) — 0, (2.14)

do d6 o.(,) — 0. Bdi lap luan tuong tu nhu Truong hop 1, ta nhan dugc

lim Sup<f(p) - p;j(xr(n)—l—l - p)> <0,

n—o0

hay lim sup,, ,, ¢;() < 0. Tt (2.14), suy ralim sup,, , . 87(») < 0. Do d6 lim,, o0 57(n) =
0.
Tuong tu (2.10), ta c6

[2r(ry+1 = Zr) | = 0.

Do d6, tu tinh bi chic cua {z,}, ta thu dugc

|ST(n)+1 — S7(n) | = |||33‘7. )+1 _p||2 - ||1’7. )+1 _p||2|

< ||$7. 1_xT H(er _|_1—p||+||[13‘7- +1_pH)
Vi vay, [$:m)+1 — Srm)| — 0. Tt (2.13), v6i moi n > ny, ta cd
0 < 5p < Srn)1 = Sr(n) + (Sr(n)+1 — Sr(m)) — 0,

suy ra s, — 0.
Toéom lai, ta thu duge s,, — 0 trong ca hai truong hgp, tic la z,, — p.
Dinh 1y dugc chiing minh. ]

Ta c¢6 hé qua sau:
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Hé qua 2.1. Cho E la mot khong gian Banach loi déu va tron déu, A la mot

todn ti m-j-don diéu trong E vdi C = A~Y(0) # 0 va cho f: E — K = D(A)
la mot dnh xa co vdi hé s6 co 8 € [0,1). Cho trude cic day s6 {an}, {Bn} trong
(0,1] va {r,} C [g,00) vdie >0, gid si cic dieu kién sau ding:

(i) lim, o0 B = 0 va ZZO:() Bn = 005
(ii) {an} C la,b], vdia,be (0,1);

Khi dé, vdi bat ky xg € E, day {x,} zdc dinh bdi

n — Updn 1— nJr n
{y antn + (1 — o) Jy, @ (2.15)

Tp4+1 = 5nf(xn) + (1 - Bn)Jrnyna Vn >0,

hoi tu manh vé mot khong diém p cia A, la nghiém duy nhat cta bat ding thic
bién phan VI(I — f,C), tic la

(I = fp,jlp—u)) <0, YueC.

Ching minh. Ap dung Dinh 1y 2.2 v6i A, = 0 hoac p, = 0 véi moi n, ta nhan
duge diéu phai chitng minh. O

Vi du 2.1. Xét bai toan tim mot phan ti
" € S = argmin,psO(x),
trong d6 © dugc xac dinh bdi
O(z) = (Qz,z) + (B,z) + C, Vo € R,

v6il

Sy
I

o=[1 1 -1,
1 -1 1

(-4 —4 4), and C la héng s6 bat ky.

Vi 20 = 2Q la ma tran nita xac dinh duong, nén © la mot ham 16i. Do do,
O la mot toan tit don diéu cyc dai trong R3 va bai toan trén tuong duong vdi
bai toan sau:

Xac dinh mot phan tit z* € S = (vO)71(0).
Dé dang thay rang

S = {($1,$2,$3) eR?: T1+2Tg — X3 = 2}
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~ 2 % L _ 1 1
Ta c6 thé thay ring A\, = pn = Bn = 0%, a,, = Z+m
moi n > 1 tda man tat ca cac dieu kién trong Dinh 1y 2.2, nhung cac diéu kién

220:1 |rn+1 - rn| < oo and Z;O:o |an+1 - Oén’ < o0, ZZO:O yﬁn—i—l - 6n| < 09,
> o A1 — Anl <00, D07 [tng1 — pn| < 00 khong duge thoa man.

va r, = n vol

Cha y 2.1. Day {z,} x4c dinh bdi (2.2) hoi tu manh vé mot khong diém p ciia
0O, la nghiem duy nhat ctia bat ding thiic bién phan

(p—v,p—u) <0, VueC.

T tinh chat ctia phép chiéu métric, ta ¢6 p = Psv = (—1,1,—2), trong d6 Pg
1& phép chiéu métric tit R? len S.
. 3
Ap dung phuong phap lap (2.2), véi f(z) = v = (=2,0,—1) va F(z) = 2%
(6 =3/4, A =1/2) v6i moi z € R? va véi 2° = (1,0, —1), ta nhan duge hinh vé

sau:

. s -
- :

sk NN R SN b R e . :

-
e e e e : ; ; : :
- e ——,

2 1 1 1 i 1 1 | 1 i
0 100 200 300 400 500 BOO 700 8OO 900 1000
Mumber of interations

Hinh 2.1: 2% = (—0.994144, 0.960298, —1.937520)
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2.2. Phuong phap diém gan ké két hop véi phuong phap
xap xi mém xap xi khéng diém chung ctia hai toan
tw j-don diéu

2.2.1. Phuong phap lap va su hoi tu

Xét bal toan sau:
Tim mot phan tit 2* € S = A~'0N B0 # 0, (2.16)

trong d6 A: D(A) — 2F va B: D(A) — 2F 1a hai toan tt j-don diéu.
Nam 1930, von Neumann [45] da chi ra ring v6i hai nita khong gian con déng
C1 va Cy clia khong gian Hilbert H, thi diy chiéu luan phién

H>xy— 24 :PclfL’oHQ’JQ:PCQQ’Jl r—)scg:Pcl:ch s (2.17)

hoi tu manh vé mot phan tit thuoc giao ctia C; va Cy, ma phan tit ndy gan phan
t1r xuat phat zo nhat. Nam 1965, Bregman [14] ciing da chi ra rang v6i hai tap
con 1oi va dong bat ky Cy va Cs ctia H, sao cho C; N Cy # (), thi day {x,} xac
dinh béi phuong phap chiéu luan phién (2.17) hoi tu yéu vé mot phan tit trong
C1N Cs. Tuy nhién, trong truong hgp nay {x,} khong hoi tu manh, van dé nay
da duge H. Hundal tra 161 trong tai liéu [34].

Khi A va B 1a hai toan tit don diéu cuc dai trong khong gian Hilbert H,
nam 2005 dya trén phuong phap chiéu luan phién ciia von Neumann [45] va
Bregmann [14], Bauschke cung cong sy [11] da chi ra day {z,} xac dinh béi

Tons1 = J{(zon), n=10,1,2, ... (2.18)
Ton = JP(xon_1), n=1,2, ... (2.19)

v6i A > 0, hoi tu yéu vé mot phan tit ctia F(J{JP).
Trude hét, ta can dinh 1y sau:

Dinh 1y 2.3. [35] Cho E la mot khong gian Banach phdn za vdi chuan khd vi
Gateauzr déu sao cho moi tap con loi, compact yéu cia E déu cé tinh chat diém
bat dong doi vdi cac anh za khong gian. Cho C la mot tap con loi, déng cia
E va T la mot anh za khong gian tu C' vao chinh né vdi F(T) # 0. Khi do,
day {x:} zdc dinh bdi xy = tfry + (1 — )Tz voi f : C — C la mot dnh za
covat € (0,1), hoi tu manh vé mot phan ti z* € F(T) théa man tinh chat
QF(T)f(iU*) ="
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Chid y 2.2. Trong Dinh ly 2.3, néu f(z) = u véi moi € C, thi 2* = Qp)u,
trong d6 Qp(ry : C — F(T') la anh xa co riut khong gian theo tia tit C' lén
F(T).

Cac tac gia J.K. Kim va T.M. Tuyén da ching minh dinh 1y sau:

Dinh 1y 2.4. Cho E la mot khong gian Banach loi déu va tron déu. Cho C
la mot tap con 1oi, dong va khdc rong cia E. Cho A : D(A) C C — 2F va
B: D(B) C C — 2F la cdc todn ti j-don diéu vdi S = A~10 N B~10 # 0,

D(A) C C C NysoR(I+7rA) va D(B) C C C My=oR(I+rB). Cho {a,} C (0,1),
{Bn} va {v,} la cic diy so duong théa man cac dicu kién:

i) lim,, o0 a, = 0, ZZO:O ay = 00;
ii) ZZO:() |04n+1 - Oén| < 0 hOdC limn_m an+1/an = 17'

i) B, > e, v > € wdie > 0 va vdi moi n, Y " |Bn+1 — Bul < 00 wva
ZZO:O h/n—i-l — ’Vn‘ < 00,

Cho {z,} la day dugc xdc dinh bdi

Yo = JhTn, n=0,1,..., (2.20)
Tpr1 = apu+ (1 — ozn)inyn, n=1,2.. (2.21)

trong dé u va xg la cac phan tii bat ky trong C. Khi dé, day {x,} hoi tu manh
vée Qsu, trong dé Qg : C — S la dnh xa co it khong gian theo tia tw C' lén
S.

Ching minh. Chiing minh cta dinh 1y nay dugce chia thanh cac budc sau:
Buéc 1. Day {z,} bi chan.
Lay p € S, ta c6

1 = pll = llomu + (1 = an) 3 yn = p
< agllu = pll + (1= an)l| I3 yn — I3 0]
< anllu = pll + (1 = an)llyn — pll
= aylu —pll + (1 = ) |5, 20 — 5.2
< anllu = pll + (1 = ap)lzn — p|

S max{“u _p”7 Hxn _pH}

< max{||u — pl|, |lzo — pll},
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diéu nay suy ra rang day {z,} 1a bi chan. Do d6, day {y,} ciing bi chan.
Budc 2. Cac day {x,} va {y,} 1a chinh qui tiém can.
Tu (2.21), ta c6
Tny2 = g1t + (1= ang1) I Yoot
Do do,
[Znt2 — Tpta |l < fansr — aallul|
+ (1 = i) J2 s — (1= an) I vl
< o — Oén|(||u|| + . +1yn+1||) (2.22)
+ (1= an)|J3}, ynr — yn||
< Mlag1 — ap| + (1 Oén)H B Ynir — Il

trong d6 M = [[ul| + sup, {[|.17 ,, yns1 1}
Truong hop 1. Néu 41 > %, tit Bo dé 1.2, ta c6

| ’yn+1yn+1 - inyn” || ( yn+1 +(1— )JanﬂynJrl) - Jiyn”

7n+1
(yniall + 17, ynial) (2:23)

< ”ynJrl - yn” + |1 -

n+1
< ||yn+1 - yn” + Kh/n—i—l - 7n|7
syl + 1
g
Truong hop 2. Néu 7, < Yn41, tit Bo dé 1.2, ta c6

Tnt1 Tn+1

n

(lynll + 175 yall) (2.24)

Tn+1

S ||yn+1 - yn” + |1 -

n

< NYnt1 = Ynll + Klyns1 — val-
Tit (2.22), (2.23) va (2.24), ta nhan duge

[Znt2 — Tpgall < (1 — ) lYnt1 — Ynll + Klyn+1 — 7l (2.25)
+ M|Ozn+1 — Otn|.

Bay gio, ta danh gia ||y,+1 — yn||- Ta ¢

lynt1 = Yall = 1174, Tn 1 — T2l
. ﬁn ﬁn A
= ||Jﬁn(ﬁ Tny1 + (1 — Bt Jnt1) — Jb, Tl
n+1 5 ntl (2.26)

< Jensr = zall + 11 = 2= |(lyns1l] + [[2n41]])

6n+1
< ||Z17n_|_1 — an + L|Bn—|—1 - Bn|7
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_ sup,, {||ynll + ||zal}

£
T (2.25) va (2.26), ta thu dugc

v6l L

[Znt2 — Toy1ll < (1= an)l|Tnr — 2ol + L|Bns1 — Bal (2.27)
+ K| Vnt1 — Yl + Mo — aul.

Tit Bo dé 1.16, |21 — 2n|| — 0, khi n — oo. Do dé, tit (2.26), ta cling c6
[Yn+1 — ynll — 0, khi n — oo.

Buéc 3. ||zp41 — ynl| — 0.

Phuong trinh (2.20) c6 thé viét lai dudi dang

BrnAYn + Yn D Ty
Tt tinh j-don diéu ciua A, ta nhan duge
(Tn = Yn, J(Yn — p)) > 0. (2.28)
Do do,
(Un = Tpt1,§(Yn — D)) < (Tn — Tpt1, J(Yn — P)) < Lillwnsr —zall,  (2:29)

voi Ly = sup,{[[ynl[} + Il
Phuong trinh (2.21) ¢6 thé viét lai dudi dang
YnBzn + Zn D Yn, Zn =

Tt tinh j-don diéu cia B, ta nhan dugce

<yn - Zm](zn - p)> > 0.
Do do,
<yn — Tpy1 + Ofn(“ - yn)7j(p — Tpg1 T+ O‘n(“ - p))> <0,
suy ra
(Yn — Tp11,0 (0 — Tng1)) < (Yo — Tng1, J(P — Tny1)
—j(p — zpy1 + an(u—p))) + Loa, (2.30)
< L3||j(p — ZTnt1) — J(P — Tpp1 + an(u — p))” + Loy,
Vi Ly = sup, { ([[ynll+[ul)) (Ip—2ns1+an(u—p) )} va Ly = sup, { ||znc1 [+ lynl }-
Tu (2.29) va (2.30), ta nhan ducc
<yn - xn+17j(yn _p>_j(xn+1 _p)> S Llen-H - xn” + LZOfn (2 31)
+ L3l (p — 2ny1) — J(p — Tng1 + an(u —p))||-
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T Bo dé 1.4, ta ¢6 j 1a lien tuc déu theo chuan trén méi tap con bi chiin cla
Evatit [[(p — 2nt1) — (P — Tny1 + an(u — p))|| = anllu — pl| — 0, suy ra

17(p = Tn+1) = §(p — Tns1 + an(u —p))[| = 0. (2.32)
Tu (2.31) va (2.32), ta ¢
(yn = Tnt1, J(Yn — p) — j(@n1 —p)) — 0.
T Bo deé 1.3, ta nhan duoc
9(lyn = Tniall) — 0.

Tu tinh chat clia ham g, suy ra ||z,01 — yal| — 0.
1
Buéc 4. ||z, — Tx,|| — 0, v6i T = E(J;4 + JP), trong dé r € (0,¢).

Ta co
@nt1 — T2 ynll = anllu = Tyl — 0. (2.33)
172 20 = T2 all < lmsr = ll = 0. (2:34)
Do do,
@41 — JZ 2| = 0. (2.35)
T do, suy ra
r
||inxn+1 J anrl” = ||J (_$n+1 + (1 — —)J {EnJrl) JTBajnJrl“
In Tn (2.36)

n

T
<(1- ,Y_)Hw?wl - JWB;ITHAH — 0.

Do do,
|zn — JBz,|| — 0. (2.37)
Ta c6
3 — JrAynH = ||J§i$n - J:lyn“
174 _r A

= ||J; (ﬁn +(1 5n)J/3 Zn) = Syl (2.38)

1——)l|zn —yn|| — 0.

< (U= ) =
Vi vay,

= Tzall < N = yall + g — Flyall + 17090 — Tl

(2.39)
< 2|20 = yall + [[yn = I yall = 0.
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Tu (2.37) va (2.39), ta thu dugc

1
|2 — Ty || = ||z, — E(fon + fon)”

1
< §(||xn - Jqflxn” + ||33n - JernH) — 0.

(2.40)

Budc 5. limsup,,_, . (u — Qsu, j(x, — Qsu)) < 0.

Cho {z;} 1a day xac dinh b6i zy = tu+ (1 —t)Tay, t € (0,1). Khi d6, theo Dinh
Iy 2.3, {z;} hoi tu manh vé Qgu € F(T) =S, khi t — 0.

bat M = sup{||zy — z,|| : t € (0,1),n > 0}. Ta c6

ot — 2l|* = t(u — @, 3 (@0 — 20)) + (1= )Ty — 0, (2 — 20))
= t{u — x4, (2 — 0)) + ]2 — @
+ (1= t)(Twy — Ty, j(xp — xp)) + (1 — )Ty — zp, j (20 — )
< tu— x4, (2 — 20)) + |z — 201

+ (1= t)llwe = @nll* + Mlwn — Tal),

diéu nay suy ra
. M
(u =, j(Tn — 1)) < e [#n — Tay].

Vizx, —Tx, — 0, nén

limsup(u — x, j(z; — x,,)) < 0. (2.41)

n—oo

Ngoai ra, vi z; — Qgu khi t — 0% va j 1a lién tuc déu trén moi tap con bi chin
cua F, nén

[(u — Qsu,j(zn, — Qsu)) — (u — 24, j(Tn — 74))]
= [(u— Qsu, j(xn — Qsu) — j(zn — x4)) + (Qsu — x4, j(zy — ¢))]
< [{u — Qsu, j(xn — Qsu) — j(rn — 24))| + M|z — Qsul| — 0.

Cho trude e > 0 (bat ky), khi d6 ton tai s6 § € (0,1) sao cho
<U - quaj(xn - QSU’)> < <U - xtuj(xn - xt)> + g,

v6i moi t € (0, ¢).
T (2.41), ta nhan duge

lim sup(u — Qsu, j(x, — Qsu)) < limsup(u — x¢, j(x; — x,)) + € < e.

n—o0 n—oo



35
Vi e > 0 1a bat k¥, nén

lim sup{u — Qsu, j(z, — Qsu)) < 0.

n—oo

Buéc 6. z,, — Qgsu khi n — oc.
T B dé 1.6, ta co

2041 — Qsull® = [lanu + (1 — an) J3} g — Qsul|?
< (1= an)?|l 75 yn — Qsul®
+ 205, (1 — ap ) (u — Qsu, j(Tpt1 — Qsu))
(1 — aw)llyn — QS“||2 + 20 (u — Qstt, j(Tnp1 — Qsu))

<
< (1= ap)||zn — Qsul|* + 200 (u — Qsu, j(Tpi1 — Qsu)).

Tu B6 dé 1.3, ta nhan dugc =, — Qgu khi n — oo.
Dinh 1y dugc chiing minh. O

Tiép theo, cac tac gid J.K. Kim va T.M. Tuyén ciing da nghién citu sy hoi
tu manh cta day lip {z,} dugc xac dinh béi zg € C va

dy = Jjh 20, n=0,1,..., (2.42)
Zni1 = O f(dn) + (1 = an) I dn, n=10,1,2... (2.43)

trong d6 f: C — C 1a mot anh xa co tit C' vao C véi hé s6 co la ¢ € [0, 1).
Ho da chitng minh két qué dudi day:

Dinh 1y 2.5. Cho E la mot khong gian Banach loi déu va tron déu. Cho C
la mot tap con 1oi, déng va khdc rong ciia E. Cho A : D(A) C C — 2F va
B: D(B) C C — 2% la cdc todn tit j-don diéu véi S = A~10 N B~10 # 0,

D(A) C C C NysoR(I+7rA) va D(B) C C C Ny=oR(I+7rB). Cho {a,} C (0,1),
{Bn} va {v.} la cic diy s6 duong théa man cac dicu kién:

1) hmn—>oo Ay = O, ZZOZO ap = 00,
11) Z:Lo:() |Oén+1 - Oén’ < 0 hOdC hmn_>0 &n+1/an = 17'

i) B, >r >0, >r>0vdimoin, Y —o|Bnt1 — Bul <00 va Y 0o |Yns1 —
Tn| < 00.

Khi dé, day {z,} xdc dinh bdi (2.42) va (2.43) hoi tu manh vé phan ti z* € S
théa man Qgf(x*) = x*.
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Ching minh. Goi x* 1a diém bat dong duy nhay ciia Qg f, tiic 1a Qg f(2*) = z*.
Tu Dinh ly 2.4, trong (2.20) va (2.21) thay w béi f(z*), thi day {z,} hoi tu
manh vé Qg f(z*) = z*.

Ta sé chi ra ||z, — z,|| = 0, khi n — oco. Gi& st limsup,, ., ||zn — zn|| > 0.
Khi do, ta chon € véi € € (0,limsup,,_, |[zn — 2nl])- VI ||z, — 2% = 0, nén ton
tai s6 tu nhién n; sao cho

1—-c

|zn — 2% < g,

v6i moi n > ny € N. Ta xét hai truong hgp sau:
(i) Ton tai ny € N thoa man ny > ny va ||z, — Tn,|| < €.
(ii) ||z — zn|| > € v6i moi n > n;.

Trong truong hop (i), ta co

[2na+1 = Tng1ll < any || f(dny) — F(@) ]| + (1 — any)lny — Yns |l

S C&n2||dn2 o x*H + ( o O‘m)Han ym“
S CamHan o x*H + (1 an2)|lzn2 xnz”
S CO‘MHan - J}*H + [1 anQ( )]Hzm - xnz”

1—
< can2—65 +[1 — ap, (1 —0)]e

c
=c.
Bing qui nap, ta c6 thé chi ra rang ||z,11 — Tpe1]] < € v6i moi n > ny. Didu

nay mau thuan véi € < limsup,_, ||z, — zn||. Trong truong hop (ii), v6i mdi
n > nq, ta co

L — ap)lldp = ynll + cnll f(dn) — f(27)]]
Nzn — @all + canl|dn — 27|

)

(

1 — an(1 = 0)|lzn — ol + canl|len — 2%

||Zn+1 — Tp+1 ||

I —a, ||Zn - In” + CO‘nHZn - 33*”

(
(1—ay,
(
[

VAN VAN VAN VAN

Do vay, tit Bo dé 1.16, ta nhan dugc lim,, o |2, — 75| = 0, suy ra mau thuan.
Do do6, lim,, 00 ||2n — 25| = 0. Nhu vay, ta thu duge

lim ||z, —2¥|| < lim ||z, — x|| + lim ||z, — 2| = 0.
n—»00 n—00 n—00

Dinh 1y dugc chiing minh. O]



37

Chu y 2.3. Néu A = 0, thi tir (2.20), ta nhan dugc y,, = x,,, do d6 Budc 3 trong
chiing minh ctia Dinh 1y 2.4 1a khong can thiét. Nhu vay, ta c6 hé qua duéi day:

Hé qua 2.2. Cho E la mot khong gian Banach phdn xa vdi chuan khd vi Gateaux
deu va moi tap con 103, compact yéu cia E déu cé tinh chat diém bat dong doi
vdi danh xa khong gian. Cho C la mot tap con loi, dong va khdc rong cia E.
Cho A : D(A) C C — 2% la mot todn ti j-don dieu sao cho S = A710 # (),
D(A) € C C NpsoR(I +1A). Cho {an,} C (0,1) va {Bn} la cdc day so thuc

duong théa man cac dieu kién sau:

1) limy oo ap =0, Y07 § vy = 005
i) > lamt1 — an| < 0o hode limy, o a1/ ay = 1;
iii) B, >7r >0 vdi moin vad - |Bui1 — Bul < 0.
Khi do, day {z,} zdc dinh bdi
Zni1 = o f(20) + (1 — an)Jf 20, 20 €C, n=0,1,2, (2.44)
hoi tu manh vé mot phan ti x* € S sao cho Qg f(x*) = x*.

Chu y 2.4. He qua 2.2 1a két qua ctia J.S. Jung [37] (xem day {z,} xac dinh
béi (1.12)).

Ta biét rang néu A 1a toan ti m-j-don dieu, thi A théa man diéu kién mieén.
Do do6, ta c6 két qua sau:

Dinh 1y 2.6. Cho E la mot khong gian Banach loi déw va tron déu. Cho C' la
maot tap con loi, dong va khdc rong cia E. Cho A: E—2F va B: E — 2F
la hai todn ti m-j-don diéu sao cho S = A710N B710 # 0. Cho {ay,} C (0,1),
{Bn} va {v,} la cic day s6 thuc duong théa man cac dieu kién:

1) im0y =0, D07 5ty = 00;

i) > lamt1 — ay| < 0o hode limy, o a1 /ay = 1;

iii) B, >r >0, v, >r >0 vdi moin, Z:;O:o |Bna1 — Bn| < 00 va ZZO:O | Y41 —
Tn| < 00.

Khi dé, day {z,} zdc dinh bdi (2.42) va (2.43) hoi tu manh vé mot phan ti
z* € S sao cho Qgf(z*) = a*.
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Hé qua 2.3. Cho E la mot khong gian Banach phdn za vdi chuan kha vi Gateaux
déu va moi tap con 10i, compact yéu cia E déu co tinh chat diém bat dong doi
vdi anh za khong gian. Cho C' la mot tap con loi, déng va khdac rong cia E. Cho
A: D(A) C C — 2F la mot toan ti m-j-don diéu sao cho S = A710 # (). Cho
{a,} € (0,1) va {Ba} la cdc day so thuc duong théa man cac dieu kién sau:

1) limy oo iy, =0, Y07 § vy = 005
i) > lant1 — ap| < 0o hode limy, o a1 /ay = 1;
iii) B, >7r >0 vdi moin vad .~ |Bur1 — Bul < 0.
Khi do, day {z,} zdc dinh bdi
Zn1 = o f(2n) + (1 — Oén)«]éizn, 2p€eC, n=0,1,2, (2.45)

hoi tu manh vé mot phan ti x* € S théa man Qg f(x*) = z*.

2.2.2. Tinh 6n dinh ctia phuong phap

Trong muc nay ching téi trinh bay vé tinh 6n dinh ctia phuong phéap lap
(2.42) va (2.43) 6 dang sau:

Un = JE Un, ug € C, n=0,1,..., (2.46)
Upt1 = anf(vn) + (1 — ozn)Jf:vn, n=0,1,2.. (2.47)

trong d6 A" : D(A") C C — 2F A" : D(A") C C — 2% 1a clc toan ti
j-don diéu véi D(A™) = D(A), D(B™) = D(B) va sao cho

H(A™ (@), Ax)) < gall=)hy, H(B"(x), B(x)) < ga(lll)hy (2.48)

v6i ga, gp la cac ham bi chan (dnh ctia tap bi chan 1a tap bi chin) xac dinh véi
t >0, théa man g4(0) =0, gg(0) = 0 va {h2}, {2} 1a cac day s6 thuyc duong.
Ta c6 cac két qua sau:

Dinh 1y 2.7. Cho E la mot khong gian Banach loi déu va tron déu. Cho C
la mot tap con 1oi, déng va khdc rong cia E. Cho A : D(A) C C — 2F va
B: D(B) C C — 2¥ la cdc todn tii j-don diéu théa man S = A~10NB~10 # 0,

D(A) Cc C C NpsoR(I+71A) va D(B) C C C Ny=oR(I+7rB). Néu cic dieu kién
sau diung

. . o0
i) limp ooy =0, >~ gy = 00;
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11) Z;.Lo:() |Oén+1 - Oén’ < 0 hOdC hmn_>0 ()[n+1/04n = 17'

iii) B, >1r >0, v, >7r >0 vdi moin, Zzo:o |Bnt1 — Bn| < 00 va ZZO:O | Y41 —
Y| < 00;

iv) 0% Buhd < 0o wa Yoot wmhE < oo hode limy, oo Buhi/an = 0 wvd

thy day {u,} zdc dinh bdi (2.46) va (2.47) hoi tu manh vé phan ti x* € S théda
man Qgf(x*) = z*.

Chaing minh. Ta viét lai cdc phuong trinh (2.42) va (2.43) 6 dang

n - Un dn
By + Ly D dy, Ly = L “f<>, (2.50)
1—a,
va cac phuong trinh (2.46) and (2.47) & dang
BnA"v, 4+ v, D Uy, (2.51)
VB Wy, + wy, D vy, wy, = Un+11—_0z;f(vn)‘ (2.52)

Vi lim,, s oy = 0, nén ton tai ng sao cho véi n € (0,1), thi a,, < 1 — 7 v6i moi
n > ng, dieu nay suy ra 1 — ay, > 1 v6i moi n > ng. Do vay, 1 —a,, > 1 =
miniZl,...,no{aiv n} Do dé?

Izl + anll f(d)ll _ o _ supPnillzna]l + [ (dn)

< I _ o,
1_0571 Tlo

1] <

v61 moil n.
Tu (2.52), ton tai a, € B"w, sao cho

Vnlp + Wy = V. (2.53)
Tu (2.50), ton tai b, € Bl, sao cho

b+ by = dy. (2.54)
Tu (2.48), ton tai e, € B"l, sao cho

16w = enll < gDy < g5(K)R;. (2.55)

n
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Tu (2.53) va (2.54), ta nhan dugc
Y (bp — ap) + Ly — wy, = dyy — vy,
Do do,

V(b = €n),J(ln — wn)) + (yalen — an), j(ln — wn)) + [|ln — wn||2
= (dn — VUn, J(ln — wp)).

Do (y(en — an), j(l, —wy)) > 0 va tir (2.55), ta nhan dugc
110 = wall < ldn = vnll + gB(K)B) . (2.56)

Bay gio, ta sé danh gid ||d, — v,||. Tu (2.49) va (2.51), ton tai &, € Ad, va
(n € A™v, sao cho

T (2.48), ton tai 7, € A"d,, sao cho

1€ = 7all < ga(lldalDhy < ga(L)h3, (2.58)

v6i L = sup,{||d.||} < oc.
Tu (2.57), ta ¢

(Bn(Cn = Tn)sd (U — dn)) + (Ba(Tn — &n), Ji(vn — dn)) + ||y — UnHZ
= (Up — 2n, J(Un, — dy)).

Vi (Bn(Cn — Tn), 4 (vn — dp)) > 0 va tit (2.58), ta thu dugc
ldn = vall < ll2n — wnll + ga(L) 3y B (2.59)

Két hop (2.56) va (2.59), ta nhan dugc

I =l < 120 =l + ga (IR B 4 9K RE v (260)
Ta co
i~ wll = 2220 ) toa Z 0l (),
l—a, l—a,
> Bz tonl S0y - gl (26

S | Zn+1 — Uns1]] _GnC
- 1—a, 1—a,

||dn - Un”
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Tt (2.60) va (2.61), suy ra
2ns1 = tnsall < [L = an(1 = e)lll2n = wnll + ga(L)hiy B + g5 (K )Ry vo- (2.62)

Do vay, tit Bo dé 1.16, ta c6 ||z, — u,|| — 0, két hop véi z, — ¥, ta nhan dugc
Uy — T
Dinh 1y dugc chiing minh. ]

Ta ¢6 hé qua dudi day:

Hé qua 2.4. Cho E la mot khong gian Banach phdn za vdi chuan kha vi Gateaux
déu sao cho moi tap con 103, compact yéu ciia E déu cé tinh chat diém bat dong
doi vdi anh xa khong gian. Cho C la mot tap con 101, déng va khdc rong cia E.
Cho A: D(A) CC — 2P va A" : D(A") C E — 2 n=1,2,..., la cdc
todn tit j-don diéu théa man S = A'0 # (), D(A) € C C NMusoR(I + rA) va
D(A) = D(A") véi moi n. Cho {a,} C (0,1) va {B,} la cac day so thuc duong
théa man cac diéu kién:

1) limy oo i, =0, Y07 j vy = 005
i) > lamt1 — | < 0o hode limy, o a1 /an = 1;
iii) B, >7r >0 vdi moin vad .~ |Bur1 — Bul < 0.
Khi do, day {z,} zdc dinh bdi
Znt1 = o f(zn) + (1 — ozn)J/inzm 2p€C, n=0,1,2, (2.63)

hoi tu manh vé phan ti x* € S théa man Qs f(z*) = z*.
Ta biét rang, trong khong gian Hilbert, néu A 1a toan ti m-j-don diéu, thi
A la toan tit don diéu cyc dai. Do dé, ta c¢6 dinh ly dudi day:

Dinh ly 2.8. Cho H la mot khong gian Hilbert. Cho A : H — 2% va B -
H — 2% 14 cdc toan té don dieu cuc dai véi S = A0 N B0 # 0. Cho
f: H — H la mot anh za co trong H. Cho {a,} C (0,1), {8,} va {} la
cac diy so thuc duong théa man cac dieu kién:

1) lmy oo i, =0, Y07 j vy = 005

i) > lamt1 — | < 0o hode limy, o a1 /an = 1;

111) Bn =1 >0, Yo =1 >0 vdr moin, ZZO:() |6n+1 _ﬁn| < 00 va Zqozozo |7n+1 -
Tn| < 00.
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Khi dé, day {z,} zdc dinh bdi (2.42) va (2.43) hoi tu manh vé phan ti z* € S
théa man Psf(z*) = z*, trong dé Ps : H — S la phép chiéu métric ti H lén
S.

Heé qua 2.5. Cho H la mot khong gian Hilbert. Cho A : H — 21 1o mot todn
i don diéu cuc dai vdi S = A0 #£ 0. cho f: H — H la mot dnh wa co trong
H. Cho {ay,} va {B,} la hai day so thuc duong théa man cic dieu kién:

1) limy o i, =0, Y07 j vy = 005
i) > lamt1 — | < 0o hode limy, o a1 /ay = 1;
iii) B, > 1 >0 vdi moin vad .~ |Bur1 — Bul < 0.
Khi do, day {u,} zdc dinh bdi ug € H va
Unt1 = o f(un) + (1 —an)Jgium n=0,1,.., (2.64)
hoi tu manh vé phan ti x* € S théa man Psf(x*) = x*, trong dé6 Ps : H — S

la phép chiéu métric tuw H lén S.

2.2.3. Vi du s minh hoa

Duéi day ching toi gidi thieu mot vi du s6 don gidn nhim minh hoa thém
cho Dinh 1y 2.5.

Vi du 2.2. Xét bai toan tim mot phan ti
¥ € S = argmin,psfi(x) N argming s fo(z).
trong d6 f1 va fy duge xac dinh bdéi

1 1 -1 110
A=1 1 1], 4=[110],
-1 -1 1 000

By =(-4 —4 4), By= (-4 —4 0), Cy, C; la cac héng s6 bat ky .

Ta c6 V2f; = 24;, 1 = 1,2. Do A; 1a cic ma tran nita xac dinh duong nén f;
1 cac ham 16i trén R3. Ngoai ra, fi1, f» 1a cac ham chinh thuong, lién tuc trong
R3. Suy ra df1, Ofs 1a cac toan tit don diéu cuc dai.
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Nhu vay, bai toan trén tuong duong véi bai toan xac dinh khong diem chung
cua hai toan tu don diéu cuc dai sau:
Tim mot phan ti
e S =(0f1)'0N(0f) 10 # 0.

Dé dang kiém tra dugc tap nghiém clia bai toan la

S = {($1,$2,$3> € R3 T+ 10 =2, 3= O}

- Ap dung Dinh Iy 2.5 v6i f(z) = u, v6i u = (1 2 —1) va f(z) = /4 v6i moi
reR} a,=1/(n+1), B =Y, = 1 v6i moi n > 0, ta nhan dugc cac két qua
s6 duge mo ta trong Bang 2.1 duéi day:

flx) =u

TOL n |z, —2*|| =z,

1073 2801 9.99 x 10~* (0.500133, 1.500133, —0.000981)
1074 28007 9.99 x 10~° (0.500013, 1.500013, —9.81 x 107°)
107° 280067 9.99 x 10°% (0.500001, 1.500001, —9.81 x 1079)
107 2800671  9.99 x 10" (0.5, 1.5, —9.81 x 1077)

7(z) = 2/1

TOL n |z, —2*||

1073 2693 9.99 x 10~* (0.999282, 1.000020, —0.000696)
1074 35233 9.99 x 107° (0.999919, 1.000027, —5.32 x 107°)
107° 286563 9.99 x 10°% (0.999991, 1.000004, —3.19 x 1079)
107 11637961 9.99 x 1077 (0.999999, 1, —1.61 x 1077)

Bang 2.1

2.3. Phuong phap prox-Tikhonov xdp xi khéng diém
chung cua hai toan tw@ j-don diéu

2.3.1. Phuong phap lap va su hoi tu

Dinh 1y 2.9. Cho E la mot khong gian Banach phdn za vdi tinh lién tuc yéu theo
day ctia dnh za doi ngau chuan tdic j sao cho moi tap con 1oi, compact yéu clia E
cé tinh chat diém bat dong doi vdi anh xa khong gian. Cho C' la mot tap con 101,
déng va khdc rong cia E. Cho A: D(A) CC — 2¥ va B: D(B) C C — 2F
la cac toan tu j-don diéu thoa man

S:=Aon B0 #£0,
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D(A) C C C NysoR(I +1rA) va D(B) C C C NpsoR(I +1rB). Cho {a,}, {Bn},
va {7y} la cdc day so thuc duong théa man cdic dieu kién:

(1) lmpy—o oy =0, D0 5 = 00.
(i) {Bn} va {v} la cic day trong [, 00), vdie > 0.
Cho {z,} la day dugc xdc dinh bdi

Topt1 = Jél(anu + (1 — ap)xay), n=0,1,..., (2.65)
Ton = J. (Tan-1), n=1,2, ..., (2.66)

trong dé u va xq la cdc phan ti bat ky trong C. Néu {x,} la chinh qui tiém can,
thi {z,} hoi tu manh vé Qsu, véi Qs : C — S la dnh xa co rit khong gian theo
tia tw C lén S.

Chaing minh. Truée hét, ta chi ra day {x,} bi chin. Cho p € S. Khi do, tit
(2.65) va (2.66), ta co

22041 = Pl < llam(u = p) + (1 = an)(w2n — )|
< apllu = pl[ + (1 = an)lJz2n — p|| (2.67)
< apllu —pl[ + (1 = an)l[z2n-1 = pl-

Ap dung qui nap vao (2.67), ta nhan dudc
Jwanss = ol < (1= TT0 = aw))lu = pll + TT(1 = an)llao — pl.
k=0 k=0

Suy ra, day {x2,+1} bi chan va do d6 day {xs,} cing bi chan. Nhu vay, ta thu
duge day {x,} bi chin.

Tiép theo, ta chi ra ||z9,11 — JA (2ons1)]| = 0 va ||z2n — JB(22,)]| — 0, trong
do0<r<e Vi

[Z2n41 — Jét(x%)n = apllu — T[] = 0, (2.68)
178 (wan41) = T, (zan)l| < 172041 = 220 ]| = 0, (2.69)

nén ta co

2001 = I3, (w2nr) | < lz2ni =, (@2n) 141 T4 (@2n1) = T4, (@20) | = 0. (2.70)
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T Bo dé 1.2, ta nhan duocc
||J§i(x2n+1) - J:‘(aj%ﬂ)” - ||J?4(éx2n+l +(1- é)tﬁg}l(fﬁznﬂ)) - J1i4($2n+1)”
<(1- ﬁi)uxznﬂ — T4 (22001)]| = 0.

n

(2.71)
Tir (2.70) va (2.71), ta ¢6

|zon 1 = I (zon )l = 0.

Tuwong tu, ta cing co6
|20 — J7 (@20) ]| = 0.

Ap dung Bé dé 1.1, ta nhan dugce wow({Zoni1}) € A710 v wy,({2,}) € B710,
va do d6 wy,({z,}) € S. Cho {y,} 1a day duge xdc dinh bdi

Yon+1 = apt + (1 — ap)xon, n=0,1,..., (2.72)

Yon = Top—1, N = 1, 2, (273)

Khi do, 16 rang rang ||y, — z,|| = 0 vd w,({y.}) C S.
Tt bao ham cudi, ta nhan dugc

lim_}sup(u — Qsu, j(y, — Qsu)) = klgélo@ — Qsu, j(Yn, — Qsu)) (2.74)

= <’LL - QSUJJ(E - QSU>> S 07
trong A6 T = w — limg_y00 Y, € 5.
Diat ¢ = Qsu € S. T (2.72) va (2.73), ta ¢

ly2n+1 = qlI® N1 = @) (220 — @) + an(u = q)|*

< (1 - an)2||x2n - C]”2 + 2an<u - Qaj(y2n+1 - C])>
< (1 - an)2||x2n—1 - QH2 + 2an<u - Q7j<y2n—|—1 - Q)>
< (1= an)|ly2n—1 — gl + on,

trong do6 o, = 2a,(u — ¢, 7 (Yant1 — q)). Tt (2.27), ta ¢

o
limsup — = limsup(u — ¢, j (Y2041 — q)) < 0.
n—oo Oén n—od
Do d6, tit B6 dé 1.16, ta nhan dugc yan1 — ¢. Hon nita, vi 9,41 — T2, — 0 VA
Yn — T — 0, nén ta c6 Tou1 — q VA T2, — ¢. Vay day {z,} hoi tu manh vé
q = Qgsu khi n — oo. O
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Tu két qué ctia Jung [35] ta c6 dinh 1y dudi day:

Dinh 1y 2.10. Cho E la mot khong gian Banach phdn za, 107 chat vdi chuan
khd vi Gateaux déu sao cho moi tap con 10i, compact yéu cia E cé tinh chat
diém bat dong doi vdi anh za khong gian. Cho C la mot tap con 1oi, déng va
khdc rong ciia E. Cho A: D(A) c C — 2P va B: D(B) C C — 2¥ la cdc
toan ti j-don diéu thoa man

S:=AtonB 10 #£0,

D(A) Cc C C NysoR(I +1A) va D(B) C C C NysoR(I +7B). Cho {an}, {Bn},

va {vn} la cdc day sé thue duong théa man cac dieu kién:
(1) lmyo o =0, D0 5 = 00.
(i) {Bn} va {v} la cdic day trong [e,0), vdie > 0.

Cho {x,} la day dugc zdc dinh bdi (2.65) va (2.66). Néu {x,} la chinh qui
tiem can, thi {z,} hoi tu manh vé Qgsu, trong dé Qg : C — S la dnh xa co rit
khong gian theo tia tu C lén S.

1
Chitng minh. Dat Ty = JA, Ty = JB va T = §(T1 + Ty), trong do JA, JB

duge xac dinh nhu trong Dinh 1y 2.9. Vi E 13 khong gian Banach 16i chit, nén
S = F(T). Dat {y,} 1a day dugc xéc dinh béi (2.72) va (2.73). Khi do, ta c6

1 = T2 )| < [t = all + |20 — I (20)]
+ 1A (@) = T2 ()| (2.75)
< 2||zn = ynll + |20 — Jfl(fcn)”

Ta chi ra ||z, — JA(z,)| — 0. That vay,

20 — A (220) | < llwon — 2onsll + w2001 — T (@205
+ 1T (@ang1) = S (220)| (2.76)

< 2|2y — Tant1 || + |21 — T2 (T2n11)]] — 0.

Tit (2.75), (2.76) va ||zn, — yn|| — 0, ta nhan dugc ||y, — JA(yn)|| — 0. Tuong
tu, ta ciing nhan dugc ||y, — JP (yn)|| = 0. Do do, ta co

1
Iy = Tl < 5 (1l = T2 @)l + g = IE@I1) = 0.

Ap dung Dinh 1y 2.3 va B6 dé 1.9 véi f(x) =u v6i moi x € C, ta nhan duge

lim sup(u — Qgu, j(yn — Qsu)) < 0.

n—0
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Phan con lai ctia ching minh dugc thuc hién nhu ching minh ctia Dinh 1y
2.9. O

B6 dé 2.1. Cho E la mot khong gian Banach 1oi deu. Néu cic day {cw,}, {8},
va {vn} théa man cac diéu kién:
(1) imyyoo iy =0, D07 5 @y = 00;

(i) D07 g lant1 — an| < oo hodac

(11*) hmn—>0 o‘1”H—1/05n =1;
(iil) By >, W >¢€, vdie >0 nao dé va > - o |Bns1 — Bnl <00, Dooe o |Vnt1 —
Tn| < 00,

khi do day {x,} xzdc dinh bdi (2.65) va (2.66) la chinh qui tiém can.

Chatng minh. Truong hop 1. 8,11 < Bn: St dung dong nhat gidi thic, ta viét
(2.65) 6 dang

ﬁnJrl
Bn

Topil = Jaﬂ( (oznu + (1 — ozn):vgn) + (1 — 5n+1)$2n+1).

Suy ra,

(1 - an)($2n+2 - xZn)

+ (1 — ﬁgﬂ)(@nw — Topt1)

ﬁn—l—l
s

ua@n+g-—aan+1u:g‘
n

Bn—i—lan
B

< (1 — ap)||wonte — Ton|

+ (- 6;21\ + |1 — B”E,;O‘“DK

S (1 - Ov/n)||$2n-l-2 - x?n”

2
# (Z1Burs = Bl + s — an) K,

+ (Oén+1 - )(u — Tant2)

(2.77)

trong d6 K 1a hang s6 duong sao cho

sup {HU — ZTontall + [|[T2n42 — $2n+1||} < K.
n>0
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Truong hop 2. 8,41 > Bn: Ta cod
Ton43 = Jgfiﬂ (an1u + (1 — cpy1)Toan42)
ﬁn—i—l

(1t + (1 = 1) Tons2) + (1 —

Do do,

foznsa = 2l < (32 (et (1 anin)em)
n+

ﬁfil )$2n+3)

— (apu + (1 — ay)ray)

+(1-

Bt (1 - Oén+1>||x2n+2 - Ian (2.78)

Ont1 — Oén| ||u - xQnH
1

+ 11— Ton — Lo,
1= 5 llwan = wanal
S (1 - O‘n)||x2n+2 — x?n“
1
+ 2(E|5n+1 — Bal + a1 — anI)Ma
trong d6 M 1a hang s6 duong thoéa man

sup { 4 = @ + 72043 = waall + lozisa = 2} < M.
n=z

Tu (2.77) va (2.78), ta nhan duge
1
22043 — o1l < (1 — an)||z2ns2 — 2ol + 2(g|5n+1 — Bul + [an+1 — Otn|)M/7

trong d6 M’ = max{K, M }.
Mat khac, ta co

||x2n+2 - x?n” -

Tn Tn B
JB(—332 1+ (1= T3 2)—J Ton—1
"\ Vg1 w1 %+1) n+ o (T2n-1)

< ||(@2nt1 — z2n—1) + (1 — Tn ) (@2n+2 — Toni1) ‘
Tn+1

< ||z2n+1 — Tan—1]| + (1 _ )K
Yn+1

1
< ||x2n+1 - x2n71” + g|7n+1 - %L|M/-
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Suy ra

72043 — Tong1|| < (1 — an)l|T2n1 — Ton1]|

1 1
+2(Z 1B = Bl + lotwss =l + s =l ) M

Tu B6 dé 1.16, ta nhan dugc
|Ton+1 — xon—1|| — 0.

Tuong tu nhu trén, ta cing nhan duge ||za,419 — Ta,|| — 0.
T (2.65), ta ¢

Tont1 — Tont2 + BnATont1 D an(u — x2p) + Tap — Tapso.

Dit p € S. tit tinh j-don diéu cia A, ta nhan dugc
(Tant1 — Tant2, J(Tant1 — P)) < K’ 4 Ll|won — Tonyall,
v6i cac hang s6 duong K’ va L. Tuong t, tit bao ham
Ton+2 — Ton+1 T Ynt1BTant2 3 0
va tinh j-don diéu cua B, ta c¢6
(Tan+2 — Tan+1, J(Tans2 — p)) < 0.
Cong cac bat dang thic (2.79), (2.80) va cho n — oo ta nhan dugc
(Tant2 — Tant1, J(Tany2 — p) — j(T2n41 — p)) — 0.
T Bo deé 1.3, ta nhan duocc
9(lzont2 — ans1|)l|w2nt2 — zop4a ]| = 0.
Tt tinh chat ctia ham g, ta nhan duge

| Z2n+2 — Tant1|| = 0.

Do do6, ||zp+1 — xn|| — 0 khi n — oo.

(2.79)

(2.80)

(2.81)

Tiép theo, ta nghién cttu sy hoi tu manh cia day lap {z,} xac dinh béi

e Jﬁi(Oénf(ZQn) + (1 - an)ZQn)a n=0,1,..,
2 = nyB;(ZQn—l)a n = ]-7 27 <t

(2.82)
(2.83)

trong d6 f : C' — C la mot 4nh xa co tit C' vao chinh né v6i hé s6 co la ¢ € [0, 1).
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Dinh ly 2.11. Cho E la mot khong gian Banach loi déu vdi tinh lién tuc yéu
theo day cia dnh xa doi ngau chudan tdc j hodc c¢é chudan khd vi Gateauz déu.
Cho C la mot tap con loi, déng va khdc rong cia E va cho f: C — C la dnh
za co tit C vao chinh né. Cho A: D(A) c C —2¥ va B: D(B) c C —2F la
cac todn tir j-don diéu théa man

S:=AtonB0#£0,

D(A) Cc C C MysoR(I +1A) va D(B) C C C NpsoR(I +rB). Cho {a}, {Bn}
va {v,} la cdc day so6 thue duong théa man cdic dieu kién:
(1) limyyoo i =0, D07 )ty = 005
(i) Yoo lms1 — ap| < 00 hodc
(ii*) limg, 0 g1/ = 1;
(iil) B, > 7 > 0, 3 > r > 0, vdi moi n, and Y .~ |But1 — Bn|l < o0 va
ZZO:O |'7n+1 - 7n| < 00.

Khi dé, day {z,} xdc dinh bdi (2.82) va (2.83) hoi tu manh vé phan ti z* € S
théa man Qgf(x*) = x*.

Ching minh. Gia st z* 1a diém bat dong duy nhat ctia Qgf, tic 1a Qsf(z*) =
z*. Tt Bo dé 2.1, Dinh ly 2.9 va Dinh 1y 2.10, trong (2.20) va (2.21) thay u béi
f(z*), ta nhan duge day {z,} hoi tu manh vé Qg f(z*) = z*.

Tiép theo, ta sé chi ra ||z, — x| = 0, khi n — co. Gia st

limsup || 22541 — Z2n41]| > 0.
n—oo

Khi d6, ta c6 thé 1ay e véi e € (0, limsup,,_, ., |[22n11 — 22041 |]). Vi ||z —2*|| = 0,
nén ton tai n; € N sao cho véi moi n > nq, ta ¢6

1—c
a1 ="l < (—)s

Ta xét hai truong hgp sau:
(i) Ton tai ny € N v6i ng > ny sao cho ||z2n,+1 — Ton,+1]| < &

(ii) ||z2n+1 — Tant1]] > €, v6i moi n > ny.
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Trong truong hop (i), ta co

1220543 = T2ns+3]| < (1 — angy1) 220042 — T2na2
+ g1 || f(220,42) — f(2")|]
< 1 — apyy1(1 = o) 220042 — Tong+2||
+ nyy1€)|Tany 42 — 7|
<1 = ang1(1 = )]l 22n041 — Tony41]]
+ anyy1€)|Tan, 41 — 27|
<e.

Bing qui nap, ta c6 thé chi ra rang ||z0n11 — @201 < &, v6i moi n > ny, didu
nay mau thuan véi e < limsup,,_, ||22n+1 — Ton+1]|-
Trong truong hop (i), véi n > nq, ta co

| 22n+3 — Tans3|| < (1 — 1) ||22n42 — Ton2||
+ ol f(22n42) — f(@7)]]
<1 = ant1(1 = o)||z2n+2 — D22
+ Oy 16l T2nt2 — 27|
< 1= anta(1 = o)]llz2n41 — 22nta|
+ appr)|Tang1 — 2.
Do do6, tit Bo dé 1.16, ta nhan dugc lim, s [|22n41 — T2n41]| = 0, mau thudn

v6i truong hop (ii). Suy ra lim, o ||22n+1 — Tone1|| = 0. Tuong ty, ta ciing c¢6
lim,, 00 || 220, — Z2n|| = 0. Vay lim, . ||z, — 2»|| = 0. Do d6, ta nhan dugc

lim ||z, —2*|| < lim ||z, — 2] + lim ||z, — "] = 0.
n—oo —00 n—oo
Dinh Iy dugc chiing minh. O

Chi § 2.5. Néu B = 0, thi tit (2.65), ta nhan dudc 29, = 29,1, do d6 tit Bo
dé 2.1, trong Dinh 1y 2.9 ta c6 thé bé diéu kien E la khong gian Banach 16i déu.
Do do, ta c6 Hé qua sau (xem [58, Dinh 1y 3.5)).

Heé qua 2.6. [58] Cho E la khong gian Banach phdn za vdi tinh lién tuc yéu theo
day ctia dnh za doi ngau chuan tdc j hodc cé chuan khd vi Gateaur déu sao cho
moi tap con loi, compact yéu cia E cé tinh chat diém bat dong doi vdi anh xa
khong gian. Cho C' la mot tap con loi, dong va khdc rong E va cho f: C — C
la mot dnh ca co tit C' vao chinh né. Cho A: D(A) C C — 2F la mot todn ti
j-don diéu thoa man

S = A"10 # 0,
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va D(A) € C C NpsoRI 4+ 1A). Cho {ay} wa {Bn} la cic day sé thuc duong
théa man cac diéu kién:

(1) limy oo ay =0, Y07 @y = 005

(i) D07 lant1 — an| < oo hodac
(ii*) limy, 0 aper/apn = 1;
(iil) B, > 7 >0, vdi moin vaY o |Bnt1 — Bul < 0.
Khi do, day {z,} zdc dinh bdi

Znil = Jéb(anf(zn) +(1—an)zm), 20€C, n=0,1,2, ...,

hoi tu manh téi phan ti x* € S théa man Qs f(z*) = x*.

Ching minh. Ap dung Dinh 1y 2.11 v6i Bx = 0 v6i moi x € E, ta nhan dugc
diéu phai chiing minh. O

Chu y 2.6. Hé qua trén tong quat hon két qua ctia Sahu v Yao trong tai lieu
[58, Dinh 1y 3.5].
2.3.2. Tinh 6n dinh ctia phuwong phap

Ta da biét rang néu toan tit A 14 m-j-don diéu, thi A théa man diéu kién
mién. Do d6, ta c6 két qua sau:

Dinh ly 2.12. Cho E la mot khong gian Banach loi déu vdi tinh lién tuc yéu
theo day ctia dnh xa doi ngdu chuan tdc j hodc cé chudan khd vi Gateaus déu va
cho f: E— E la dnh za co. Cho A: E —2F va B: E — 2F la cdc todn ti
m-j-don diéu thoa man

S:=A"'0NB 0 #0.
Cho {aw}, {8} va {y} la cdc day so6 thuc duong théa man cic dieu kién:
(1) limyyoo i = 0, D07 )ty = 005
(i) Yoo lms1 — ap| < 0o hodc
(ii*) lim, 0 ape1/a, = 1;
)

(iil) B >r>0,7, > 71 >0, vdimoin va Yy o |Bnr1—Bnl < 00, D oreg s —
Tn| < 00.
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Khi do, day {u,} zdc dinh bdi up € E va

U2p+1 = Jéln(anf(UQn) + (1 - O‘n)u2n + en)a n=0,1,...,
Uop = J,ﬁ(UQn_l + 6;1), n=12 ..,
hoi tu manh vé phan ti x* € S théa man Qg f(z*) = x*, vdi {e,} va {e,,} la cic
day sai so théa man cdic diéu kién:
(iv) 50 llenll < 00, 35554 el < o0 hoge
(iv*) limy, 0 |l€n]l/an = 0, lim, o ||l€]||/an = 0.
Ching minh. Ta c6
[uzn+1 — 2on41ll < ol f(u2n) = fz20) ]| + (1 — an)lluzn — 220l + lleall + [l€5]

< [1 — Oén(l - C)]||u2n - ZZnH + ”671” + ||€;’L||
<1 = an(l = o)l|luzn—1 — 22n-1|l + llenll + lle]l-

Tit B dé 1.16, suy 1a ||t 1—22n41|| — 0. Tuong t, ta ciing 6 ||ug, — 22, || — 0.
Do vay ||u, — zn|| = 0 khi n — oco. Tt do, ta thu dugc

lim ||u, —2*|| < lim |lu, — z,|| + lim ||z, — "] = 0.
n—o0 n—o0 n—oo
Dinh Iy dugc chiing minh. []

Tt Dinh 1y trén, ta nhan duge cac hé qua dudi day (xem [58, Dinh 1y 3.7]).

Hé qua 2.7. [58] Cho E la khong gian Banach phdn za vdi tinh lién tuc yéu
theo day ciia dnh za doi ngdu chuan tdc j hodc cé chuan khd vi Gateaux déu sao
cho moi tap con 1oi, compact yéu cia E ¢6 tinh chat diém bat dong déi vdi dnh
za khong gian va cho f: E — E la mot dnh za co. Cho A : E — 2F la mot
toan ti m-j-don diéu sao cho

S:=A10+#0.
Cho {ay,} va {B.} la cdc day so thuc duong théa man cac dieu kién:
(1) limyyoo ap =0, D07yt = 00;

(ii*

)
(ii) ZZ‘;O |41 — Q| < 00 hodc
) limy, 0 a1/, = 1;

)

(iii) By, > 7 >0, vdi moin va Y -y |Bn+1 — Bnl < 0.
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Khi do, day {u,} zdc dinh bdi up € E va
Upi1 = Jﬁl(anf(un) +(1—ap)u,+e,), n=0,1, ..., (2.84)

hoi tu manh vé phan ti x* € S théa man Qg f(z*) = x*, trong dé {e,} la day
sai s0 trong E théa man cac dieu kién:

(iv) 320z llenll < oo hodc
(iv*) limy, 0 |l€n]|/an = 0.

Ching minh. Ap dung Dinh 1y 2.12 v6i Bx = 0 v6i moi x € E, ta nhan dugc
diéu phai chiing minh. O

Hé qua 2.8. Cho H la mot khong gian Hilbert. Cho A: H — 2% va B: H —
27 14 cdc toan ti don diéu cuc dai sao cho

S:=Al0on B0 #0.

Cho f: H — H la mot dnh za co. Cho {an}, {Bn} va {y.} la cdc day so thuc
duong théa man cac dieu kién:
(1) limyyoo i =0, D07 5ty = 005
(i) D207y lant1 — an| < oo hodac
(ii*) limy, 0 ape1/a, = 1;
)

(iil) By >r > 0,9, > 7 >0, vdi moin, vay o |Bnt1— LBl < 00, Yoo [Tnt1—
Tn| < 00.

Khi do, day {u,} zdc dinh bdi ug € H va

U2n+1 = Ji(@nf(u%) + (1 - an)UQn + en)a n=0,1,..,
Uop = J,i(UQn_l + 6;1), n=12 ..,

hoi tu manh vé phan ti z* € S théa man Psf(x*) = z*, trong dé6 Ps : H — S
la phép chiéu métric tw H len S, {e,} va {e,} la cic day sai s6 trong H théa
man cdac dieu kién:

(1v) 0% lleall < 00, 3220 [l < oo hofic

(iv*) Timys o0 [l€nl] /o = 0, limp o0 [|€r][/an = 0.
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2.3.3. Vi du s minh hoa
Vi du 2.3. Xét bai toan tim phan ti
rre S = (8f1)‘10 N (8f2)_10 # 0,

tuc la
" € S = argmin,psfi(z) N argmin, ps fo(x),

trong d6 f; va fo dude xac dinh bsi
filz) = (Az, z) + (By,z) + Cy, i = 1,2
vOi
1 1 -1 110
Ai=11 1 —-1],4=1[|110]|,
-1 -1 1 00 0

Bi= (-4 —4 4), By=(—4 —4 0), Ci, C; la cac hing so bat ky.
Dé thay rang fi va f 1a cac ham 15i chinh thudng va lién tuc trén R? va

S = {(x1,29,23) ER®: x1 + 29 =2, 23 =0}.

Ap dung Dinh Iy 2.11 v6i f(z) =u véimoi v € R%, u = (1 2 —1) va o, =
1/(n+1), B =7, =1 v6i moi n > 0, ta nhan dugc bang két qua sau:

100 0.498749 1.498750 -0.017499 | 600 0.499791 1.499791 -0.002916
200 0.499374 1.499375 -0.008749 | 700 0.499821 1.499821 -0.002499
300 0.499583 1.499583 -0.005833 | 800 0.499843 1.499843 -0.002187
400 0.499687 1.499687 -0.004374 | 900 0.499861 1.499861 -0.001944
500 0.499749 1.499750 -0.003499 | 1000 0.499874 1.499875 -0.001749

Table 1. Nghiém chinh x4c la Psu = (0.5 1.5 0)
Vi du 2.4. Cho f:R? — R 13 ham s6 dudc xac dinh béi
flz) = Az, z) + (B, x) + Ch,

trong do

A = ( L ‘2> . Bi=(4 —8), C\ I hiing sb bt ky.
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Xét bai toan: Tim mot phan tit
z* € § = argmin . f(x),

trong do
C = {(:1:1,:1:2) eR?: xy 19> 2}.

Dé thay rang f la mot ham 16i chinh thuong va lien tuc trén R? va
argming e f(z) = {(z1,22) : 21 — 222 +2=0, 21 > 2/3}.

Ta biét rang
x* € argming o f(x)

néu va chi néu
Vf(x") + Ne(z™) 30,

ttc 1a, * 1a nghiem cta bat déng thic bién phan
(y—z,vf(x)) >0, Vy € C.

) 1
Ap dung Dinh 1y 2.11 vé6i a,, = p— Bn =1, v6i moin, f(z) =u= (1 4)
n

zo = (0 0), B =0 va stt dung phuong phép chiéu gradient (xem [33, 46, 69])
v6i g = 1/80 dé giai bat dang thitc bién phan

Tpp1 =VI(C,A+T —y,), n=0,1,...,

ta nhan dugc bang két qua s6 sau. Chu y rang A = 7 f, A+1—y, 13 11-Lipschitz
va n-don diéu manh trén R?, véi n > 1.

100 1.999000 2.002000 | 600 1.999833 2.000333
200 1.999500 2.001000 | 700 1.999857 2.000285
300 1.999666 2.000666 | 800 1.999875 2.000250
400 1.999750 2.000500 | 900 1.999888 2.000222
500 1.999800 2.000400 | 1000 1.999900 2.000200

Table 2. Nghiém chinh xac la Psu = (2 2)
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2.4. XAap xi diém béat dong chung ctia mot ho hitu han
day anh xa gan khéng gian

Nam 2017, ching toi ciing da thiét lap duge bon dinh 1f hoi tu manh tim
diém bat dong chung ctia mot ho hitu han cac anh xa gan khong gian trén khong
gian Hilbert thuc [66]. Cac két qua nay c6 thé ting dung cho bai toan tim khong
diém chung ctia mot ho hitu han toan tit don diéu trong khong gian Hilbert.

Dinh 1y 2.13. Cho C la tap con loi déng khdc rong cia khong gian Hilbert thuc

H vdi diam(C) < oo. Cho T; = {T;n}, i = 1,2,...,N la day cdc dnh za gan
N

khong gian tu C' vao H tuong ung vdi day {a;n} sao cho S = ﬂ Fix(T;) # 0.

1=1
ChoT;:C— H,i=1,2,..,N zdc dinh bdi T;(x) = lim T; ,(x) vdi moi x € C.

n—>

Gid st rang lim Do(T;,, T;) = 0 va ﬂ Fix (T, ﬂ Fix(7;). Vdi diém ban dau

n—o0

tuy §y xo € C, xét day {x,} trong C xdc dinh bdi:

ryf,b = gty + (1 — an)Tin(zy), i=1,2,..., N,
={zeC: ||y, — 2|* < ||z — 2||* + (2diam(C) + a;n)ain
N

{Co=(Ci, (2.85)
=1

\ Tnt1 = Pcann(l’O), n =0,

hodac

;

yiz = Ty + (1 - O‘n)Tz n(xn) i=12,..,N,
Chon i,, € argmaX{Hyn — x|}

1=1,2,...,

LU =it (2.86)
Crn={2€C: g, — 2l < |z — 2| + (2diam(C) + ai, n)ai, n},

={ze€C:{(ry,—2z1x0—2) >0},
\xn—kl - PCnﬂQn(x())’ n Z O’

trong do 0 < ay, < o < 1. Khi dé, day {x,} hoi tu manh tdi Ps(xg).
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Dinh ly 2.14. Cho C, T; = {T;,}, T; véii=1,2,..., N dugc gid thiét tuong tu
nhu trong Dinh li 2.13. Véi diém ban dau tuy o vo € C, xét day {x,} trong C
xac dinh bdi:
(Cy=C,
ny = @y + (1 — ) Tin(2n), i =1,2,..., N,

=z E Co: |yt — 2|1> < ||an — 2||* + (2diam(C) + a; ) ain},

J¢ (2.87)
n+1 ﬂ
\ Ln+1 = PCn+1 (I0)7 n 20,
hodac
p
OO = CJ
y; = QpTy + (1 - Oén>j—zi,n$na i=1,2,..,N,
Chon i, € argmax{||y, — x,||},
4 i=1,2,....N
Un = YUn'"»
Crr1={2 € Cnt |7 — 2II° < [lwn — 2[” + (2diam(C) + @y, )i 0}
\anrl = Pcn+1 <x0)7 n = 07
(2.88)

trong do 0 < ay, < o < 1. Khi dé, day {x,} hoi tu manh tdi Ps(x).

Cho C la tap con 16i dong khéac réng ciia khong gian Hﬂbert thuc H va
A; : D(A;) € C — 2 1a cac toan tit don dieu v6i S = ﬂA ) # 0 va

=1
D(A;) Cc C C ﬂ R(I +rA;) véi moi ¢ = 1,2,..., N. Bay gio, ap dung céac két
r>0
qua méi ciia ching t6i cho bai toan xac dinh khong diém chung ciia ho hitu han
cac toan tit A; ma khong can gid thiét diam(C') < oo. Dinh 1 sau 1a he qua tryc
tiép ctia cac Dinh 1 2.13 va Dinh Ii 2.14

Dinh 1y 2.15. Cho {r;»}, i =1,2,..., N la day cdc so thuc duong sao cho

11]%11& {mf{rm}} =r>0.

Véi diem ban dau tuy o xo € C, vét day {x,} trong C zdc dinh bdi (2.85)-(2.86)
hogc (2.87)-(2.88), vdi 0 < o, < a < 1 wa T;p, = Jéfn. Khi dé, day {x,} hoi tu
manh tdi Ps(xg).
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Chuong 3

X4p xi nghiém ctia bai toan khong diém chung
tach trong khong gian Banach

Trong chuong nay, dé tai tap trung trinh bay cac két qua vé phuong phap lap
song song cho bai toan khong diém chung tach trong khong gian Banach [64].
Trong [59], W. Takahashi da chiing minh dinh 1y sau:

Dinh 1y 3.1. [59] Cho E va F la cdic khong gian Banach loi déu va tron, va
cho Jg va Jp la cdc dnh xa doi ngau tréen E va F, tuong vng. Cho A va B
la cdc todn ti don diéu cuc dai to E vao 2% va F vao 2F*, tuong 1ing. Cho
Q, la todn ti giar métric cia B vdi yp > 0. Cho T : E — F la mot toan tu
tuyén tinh bj chan sao cho T # 0 va cho T* la todn ti lien hop cia T. Gid st
S=A10NTYB10)#0. Cho x1 € E va {x,} la day duogc zdc dinh bdi
Zn = Ty — ,unngT*JF(Txn - Qu, Txy)),
Co={2€A7'0: (2, — 2, Jg(xn — 2,)) > 0},
Qn={2€A70: (z,—2 Jp(x; —x,)) >0},

Tn+1 = Po,ng,r1, n>1,

(3.1)

trong dé {uu,} C (0,00) va a,b € R théa man cdc bat ding thic sau:

0<a<pu, < Vn € N.

1
e
Khi dé, day {x,} hoi tu manh vé mot phan ti 2o € S, ¢ day zy = Psxy.

Ta c6 thé thay ring, trong phuong phap lap (3.1), rat kho dé xac dinh céc
tap C, va Q,, vi ta khong biét tap khong diém A~'0 ctia A. Do d6, rat khé dé
xac dinh phan tit z,,1 = Po,np, 1.

Nhu vay, c6 ba cau héi mé duge dat ra nhu sau:

1) C6 thé thay cac tap C,, va Q,, bang cac nita khong gian déng ctia E hay
khong?
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2) C6 thé bd cac diéu kien p, < b < v6i moi n € N hay khong?

leals

3) C6 thé mé rong Dinh 1y 3.1 cho trudng hop S = N, A7 0NT (ML, B;10) #
0, trong d6 A; va B; la céc toan tit don diéu cuc dai trén céc khong gian
Banach E; va Es, tuong tng?

Ta can nhic lai mot s6 khai niem va tinh chit lien quan dé phuc vu viec
chting minh céc két qua nhu sau:
Cho F la mot khong gian Banach tron. Ta dinh nghia ham ¢ : Fx F — R
béi
o, y) = |lzl|* = 2(z, Tey) + Iyl
v6i moi x,y € K. Tu dinh nghia clia ¢, dé rang thiy ring ¢ c6 cac tinh chat
sau:

i) (lzll = lyl)?* < ¢z, y) < (2]l + ly])? v6i moi z,y € E;
iii) Néu F 1a khong gian 16i chat, thi ¢(x,y) = 0 khi va chi khi z = y.

Ta biét rang, néu E 1 mot khong gian Banach phan xa, 16i chat va C 1a mot
tap con 16i, déng, khac réng ctia £, thi véi mdi € E, ton tai duy nhat z € C
sao cho

r — z|| = inf ||z — y||.
I I inf |z —yl|

Anh xa Pr: E — C xéc dinh béi Pox = 2 dude goi 1a phép chiéu metric tit
FElen C.

Cho A : E — 2F" 13 mot toan ti. Toan tit A duge goi la don dieu néu
(x—y,u—v) >0 v6imoi z,y € D(A) va moi u € Az, v € Ay. Mot toan tit don
diéu A tréen E duge goi 1a don diéu cuc dai néu do thi ctia né khong 1 tap con
thuce sy ctia bat ky toan tit don diéu ndo khéc trén E. Ta biét rang néu A 1a mot
toan tit don diéu cyc dai trén F va néu F 13 mot khong gian Banach 161 déu va
tron, thi R(Jg +rA) = E* v6i moi r > 0, trong d6 R(Jg +rA) la mién anh cta
Jg +rA (xem [15, 56]). V6i mdi = € E va r > 0, ton tai duy nhat z, € E sao
cho

0 € Jp(z, —x) +rAx,.

Ta xac dinh anh xa J, béi z,, = J.x va J, dugc goi la toan tit giai métric cua A.
Ta can cac bo dé duéi day:
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B6 dé 3.1. [61] Cho E la mot khong gian Banach tron va cho J la dnh za doi
ngau chuan tdic trén E. Khi dé, (x — vy, Jgx — Jgy) > 0 vdi moi x,y € E. Hon
nita, néu E la 101 chat va (x —y, Jgx — Jpy) =0, thi z = y.

Bo dé 3.2. [38] Cho E la mot khong gian Banach 10 déu va tron va cho {y,},
{zn} la hai day trong E. Néu ¢(yn, z,) — 0 va {yn} hodc {z,} bi chan, th
Yn — 2n — 0.

Bo6 dé 3.3. [30] Cho E la mot khong gian Banach phdn zq, tron va loi chit.
Cho C' la mot tap con loi, déng va khdc rong cia E, x1 € E va z € C. Khi do,
cic dieu kién sau la tuong duong:

i) Z = chl,'

i) (z =y, Jp(x1 —2)) >0, Vy € C.

3.1. Su hoéi tu cia phuong phap lap song song

Cho E va F la cac khong gian Banach 16i déu va tron va cho Jg, Jr 1 céc
anh xa d6i ngdu chuan tic trén F va F, tuong ting. Cho A4;, i = 1,2,.... N v&
B;, j=1,2,..., M 1a céc toan tit don digu cyc dai tit F vao 287 va F vao 217,
tuong ting. Cho J} va Q‘ZL la cac toan tit giai métric ciia A; v6i A > 0 va B; véi
p > 0, tuong ting. Cho T': E — F 1a mot toan tit tuyén tinh bi chin sao cho
T # 0va T+ 1a todn tit lien hop ctia . Gid st S = N A7 '0nT 1N, B 10) #
0.

Xét bai toan sau:

Tim mot phan ti z* € S. (3.2)

Dé giai Bai toan (3.2), ta xay dung phuong phap lap sau:
Cho z; € E va {z,} la day dugc xéc dinh béi
Zip = Tn — Tud g T*(Jp(Txy, — QfmTa:n)), j=1,2,..., M,

Chon j,, sao cho ||zj, » — 2n| = ._nilax 12jn — Tull, d&t 2z, = 2j, n,

’L. .
Yin = I\, 2n, 1=1,2,..., N,

Chon 7,, sao cho ”yzn,n - Zn” = i:HllaXN Hyz,n - Zn“a dat y, = Yin,ns (3 3)

Co={z€E: (x,—z,Jp(ry,— z4)) > || Tx, — QZ[;T:EHHQ},
D”:{ZGE: <yn_'za‘]E(zn_yn>>20}7
Qn=1{2€FE: (x,— 2z Jg(x1 —x,)) >0},

Tp4+1 = POmDannfL'h n>1,
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trong d6 {\,}, {ttn} C (0,00) vd a,b € R théa man cac bat dang thiic sau:
O0<a<r, and 0 <b< A\, pn, Vn € N.
Trude hét, ta c¢é cac bd dé sau:

Bb dé 3.4. Cho E la mot khong gian Banach 167 déu va tron va cho Jg la dnh
za doi ngau chuan tic tréen E. Cho A la mot todn ti don diéu cuc dai tit E vao
25" sa0 cho A7'0 # O wva cho J, la gidi métric cia A vdi r > 0. Cho {x,} la
day bj chan trong E va cho {r,} la day cdc sé thuc duong. Khi d6, {J., x,} la
bi chan.

Chiing minh. Lay z € A710 va tut dinh nghia cta J, z,, ta c6
JE(xn - Jrnxn>

e AJ,, .
T'n
Tt tinh don diéu cua A, ta nhan duge
(Jr, X — 2, Jp(xy — Jr xyn)) >0, (3.4)

vl moi n > 1.
bat K = max{||z||,sup, {||zn||}} < co. T (3.4), ta c6

||Jrn33n - $n||2 < (xn — 2, Je(ry — Jrnxn»
< |lzn = 2||.| Jrn 0 — 24|
Do do, ta thu dugc
| T, xn — 0| < 2K,

suy ra
||| < 3K,

v6i moi n > 0. Vay {J,, x,} bi chan. O
Bo6 dé 3.5. Cho E la mot khong gian Banach 16i déu va tron va cho Jg la dnh
za doi ngau chuan tdc trén E. Cho A la mot todn ti don diéu cuc dai to E vao
25" sa0 cho A7'0 # 0 va cho J, la gidi meétric cia A vdir > 0. Cho {x,} va
{yn} la hai day bi chan trong E sao cho ||z, — yn|| — 0 va cho {r,} la day cdc
s6 thuc duong. Khi dé, || J., xn — Jr, yn|| — 0.

Chiing minh. Ttu dinh nghia cta J,, z, va J., y,, ta co

1
—Jg(zy — Jppxn) € Ady, Xy,

n
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1
T_JE(yn - Jrnyn) € A yn.

Tt tinh don diéu cua A, ta c6

<Jrn — JrnYn, JE(fEn - Jrnxn) - JE(yn - Jrnyn)> > 0.
T tinh chat clia ¢ va bat dang thic trén, ta nhan duge

2<xn — YUn, JE<xn - Jrnxn) - JE(yn - Jrnyn»
> 2((xn — Jrytn) = Yn = Jryyn)s JE(Tn — Jrp2n) — JE(Yn — JrYn)) (3.5)
- (b(xn - ‘]Tnx7% Yn — Jrnyn) + ¢(yn - Jrnyna Tpn — Jrnxn)-

Tt Bé dé 3.4, ta c6 {Je(r, — Jo 2n) — JE(Yn — Jr,yn)} bi chin. Do dé, tit
|Zn — ynll = 0 va (3.5), ta nhan dugc

¢($n — Jr T, Yn — Jrnyn> — 0.

Tit Bo dé 3.2, ta c6 ||(zn — yn) — (Jr, @n — Joyyn)|| = 0. VA ||z — yul| — 0, nén
||J71nxn - Jrnyn” — 0' D

Tiép theo, ta c6 cac két qua duéi day.
Meénh dé 3.1. Trong (3.3), vdi moin > 1, ta déu c6 S C C, N D, N Q.

Chiing manh. Truéc hét, ta chi ra S C C, v6i moi n > 1. That vay, lay z € S,
tr (3.3), ta ¢
Jje(xy — zp) = r, T (Jp(Tx), — Q%Txn))
Do do,
(xn — 2, Jp(xy — 2)) = rn(Tx) — T;, Jp(Tz, — Qi’;T:cn»
= || Tan — QI Ty (3.6)
+ Tn(Qf[;Txn — Tz, Jp(Tx, — Q{[;T:Un».

Tu dinh nghfa ctia QJr Tz, suy ra

1 ) )
— Jp(Tx, — Qi Ta,) € B;, Qi Tz, (3.7)

L

Tt tinh don diéu cta B, va 0 € B;, Tz, ta nhan dudc

(QIn Tz, — Tz, Jp(Txy — Qlr Txy,)) > 0. (3.8)
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Do do, tit (3.6) va (3.8), ta thu dugc
<$n —Z, JE((L'n - Zn)) > Tn“Txn - QL:T:L.TLHQ?

tuc la S C C,.
Bay gio, ta chi ra .S C D,, v6i moi n > 1. That vay, tuit dinh nghia cia J/Z\Z Zn,
ta co

1
)\_JE(Zn - yn) € Ainyn- (39)

Tu tinh don diéu cia A; , (3.9) va 0 € A;, 2, ta ¢o
(Yn — 2, JE(20n — Yn)) =0,

tuc la S C D,,.

Cudi cuing, ta chi ra S C @, bang quy nap. That vay, Q1 = E, nén S C Q;.
Gidsu S C Qk véi k> 1. Khido S C Cp, N DN Qk: T gy = PCkkaka, ta
cb Tpr1 € Qp va tit Bo dé 3.3 suy ra

(Th1 — 2, Jp(x1 — 2841)) >0,
véimoi z € C, N DN Q. VIS C CrN DN Qy, nén ta duge
(11— 2, Jp(T1 — TR11)) > 0, (3.10)

v6i moi z € S. Tu dinh nghia ctia Q. 1, ta c¢6 z € Qpyq, tic 1a S C Qryq. Vay
S C @, v6i moin > 1. O

Meénh dé 3.2. Trong (3.3), ta 6 ||vp1 — 2| — 0 khin — oco.

Chiing minh. Tt Ménh deé 3.1 suy ra day {z,} trong (3.3) la hoan toan xac
dinh. Vi S 1a tap con 16i, déng v khac rong clia E, nén ton tai 29 € S soa cho
20 = Psxl.

Tu zy41 = Po,np.nQ.T1, ta co

[Zn41 — 2] <z —yll, (3.11)
véimoiye C,ND,NQ,. Vizge S cC,ND,NQ,, nén
|Zn1 — 21| < (|21 — 20l (3.12)

diéu nay suy ra day {z,} bi chan.
TU xp41 € @, ta co

(Tn — Tny1, Je(z1 — 20)) > 0.
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Suy ra
[Zns1 — 21| = |lzn — 2],

két hop véi tinh bi chan ciia {x,,}, suy ra ton tai gidi han hitu han lim,, . ||z, —

{E1|| =1. .
~ N N ~ Pa N 3 X 2 X X 1
R6 rang x,, va x,.1 thudoc @,. Do do, tut tinh 16i ctia @),,, suy ra nTM

Qn. Viz, = Pg,x1, nén

Ty + Tpat 1
|2y — 21| < [lo1 — ”TMH < 5(llzn =2l + lznss = 21]])
va do do
li e i | —1
im ||z, — ——|| = [.
n—00 2

Vi E 1a khong gian 16i déu, nén ta nhan dugc ||z,41 — 2| — 0 khin — oco. [

Meénh dé 3.3. Trong (3.3), ta ¢d lim, o ||Jp(Tx, — Qf, Tx,)|| = 0 vdi moi
j=1,2.. M.

Ching minh. Tu (3.3), ta ¢6
Jg(xy — zn) = 1, T (Jp (T, — Q*Z&Txn)) (3.13)

Vi {z,} bi chan va T 1a tuyén tinh bi chian, nén {Tx,} ciing bi chin. Do do, tu
B6 dé 3.4, ta nhan duge {T'x, — QJr Tx,)} bi chan va do d6 {Jp(z, — 2,)} ciing
bi chan.

Vi zp41 € C)p, nén
(0 — Tni1, JE(Tn — 20)) 2 ol Ton — QU T,
T tinh bi chan cia {Jg(x, — 20)}, |2ns1 — 20l = 0 var, > a > 0, suy ra
| Tz, — Qi T | — 0,
Do dé6, tur (3.13), ta nhan dugce || Jg(x, — z,)|| — 0 va vi vay
|2 — zn|| — 0. (3.14)
T dinh nghia cua z,, ta thu duge

lim ||z, — 2.l =0, (3.15)

n—oo

véimoi j = 1,2, ..., M.
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Do vay, tit cac bat ding thic
Je(zn — 2jn) =T (Jp(Txy — Qfmiﬂzsn))7 j=12,.. M
va r, > a > 0, ta coO
i, 15 (T — @), Tan)]| =0
v6imoi 5 =1,2,..., M. ]

Ménh dé 3.4. Trong (3.3), ta ¢6 limy o0 | J5(2j0 — J3 2jm)ll = 0 vdi moi
i=1,2 . Nuwij=12 . M.

Chiing minh. Tt dinh nghia cua D, ta cé y, = Pp, 2z, va do dé ta nhan dudc
[y — 2ull < lly — 2al
v6i moi y € D,,. Tt bat ding thic trén va x,,.1 € D, ta co
1yn = 2ull < [lzns1 = zall-

Do d6, tit Ménh dé 3.2 va ||z, — z,|| — 0, ta thu dugc

[yn = 2nll = 0.
T dinh nghia cia y,, ta ¢

1z = Yinll — 0
véimoii=1,2,...,N, tic la
20 — T3 2l = 0, (3.16)

v6i moi i = 1,2, ..., N.
T (3.14) va (3.15), ta c6

lzn — 2zjnll = 0 (3.17)
v6i moi j = 1,2, ..., M. Tt B6 dé 3.5, ta dugc
IJ5, 20 — J4 Zjmll = O, (3.18)

véimoii=1,2,... Nvij=12 .. M.
Do do, tir (3.16)-(3.18), ta thu dugc

12jm = T3, 21l = 0, (3.19)
va vi vay

Jim 15z = 3,z = 0,

véimoii=1,2,...,Nvaj=12 .. M. 0
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Sy hoi tu manh ctia phuong phép lip (3.3) duge cho béi dinh 1y sau:

Dinh 1y 3.2. Day {x,} wdc dinh bdi (3.3) hoi tu manh vé mot phan ti zg € S,
trong do zy = Psxq.

Chiing minh. Vi {x,} bi chin, nén ton tai mot day con {z,, } cia {z,} hoi tu
yeuvew € E. Tasé chitaw € S.

Tu (3.15), ta c6 zj,, — w khi k — oo, v6i moi j = 1,2, ..., M. Tt (3.19) suy
ra J}\nzjm — w khi k — oo, v6imoi j = 1,2,.... M va1=1,2,..., N. Tu dinh
nghia ciia J/{nk, ta co

Je(Zjm, = I3, Zine)
An

7
€ AlJ)\nk Zj,nk-

k

T tinh don diéu cua A;, ta co

. . G =I5, Zin)
S_J/\nkzj,nkvt — 3 >0,
n

voi moi (s,t*) € A;. V1 limyyo0 || JE(25 0, — Jf\nkz]nk)H =0va0<b<\,, nén
ta nhan duge (s —w, t* —0) > 0, v6i moi (s,t*) € A;. Vi A; 1a don diéu cuc dai,
nén w € A;'0 véi moi i = 1,2, ..., N.

Vi T la toan tit tuyén tinh bi chdn, nén Tz, — Tw khi k — oco. Tt Ménh
dé 3.3, ta co Q{kaxnk — Tw khi k — oo. Tt dinh nghia ctia Q{Lnk, ta nhan
dugce

k

Hony,
Tt tinh don diéu ctia B suy ra

I~ BJQiLnk TZan.

<u — Ty, v" —
oy,

voi moi (u,v*) € Bj. V1 ||Jp(Txzy, — {LnkT:L’nk)H — 0va 0 <b< uy, nén
(u—Tw,v* —0) > 0 v6i moi (u,v*) € Bj. Do B; la don diéu cuc dai, nén
Tw € Bj*l() véimoi j =1,2,..., M, tic la w € T‘l(ﬂjj\ilB}lO). Suy ra, w € S.

Tiép theo, tlt zg = Psx1, w € S va (3.12), ta ¢
|1 = 20l| < [|#1 — w]| < liminf [|z; — zp, ||
k—o00

< limsup ||z1 — zp, ||
k—o0
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< |lz1 — 20|
Tu do, ta nhan dugce
lim (|21 — @y, || = [[z1 — w]| = [lz1 — 2.
k—o00
Tt dinh nghia clia 2g, ta c6 29 = w. Tu tinh chat Kadec-Klee ctia E, ta thu dugc

limy, 00 p, = 20. BAi tinh duy nhat clia zg, nén {z,} hoi tu manh vé zy = Psx;
khi n — oo. ]

Tu Dinh 1y 3.2, ta c6 két qua dudi day cho bai toan tim khong diém chung
cua mot ho hitu han toan tit don diéu cuc dai trong khong gian Banach.

Dinh 1y 3.3. Cho E la mot khong gian Banach loi déu va tron va cho Jg la
dnh xza doi ngdu chuan tdc tren E. Cho A;, i = 1,2,...,N la cdc todn ti don
dieu cuc dai tit E vao 2. Cho J/{ la gidai métric cua A; voi A > 0. Gid su
S=n¥,A710#0. Cho 1 € E va {x,} la diy duoc xdc dinh bdi

Yin=Js Tp, i =1,2,..., N,

Chon iy, sao cho ||Yi, n — Tnll = i_IlllaXN |Yin — zull, datyn = Vi, ns

=l,...

Dy={z€E: (y,— 2 Jg(xn —yn)) > 0}, (3.20)
Qn=12€FE: (x,— 2z Jp(ry —x,)) > 0},
Tn+1 = Pp,ng, %1, n > 1,

trong dé {\,} va a € R théa man cdc bat dang thiic
0<a< A, VneN.

Khi dé, day {x,} hoi tu manh vé mot phan ti zg € S, vdi zg = Psx.

3.2. Ung dung

3.2.1. Bai toan diém cuc tiéu tach

Cho F la mot khong gian Banach va cho f : EF — (—00,00] la mot
ham 10i, chinh thuong, nita lién tuc duéi. Duéi vi phan ctia f 1 anh xa da tri
df . E —» 2F" duge xac dinh béi

of(x) ={g9€ E": f(y)— f(x) > (y—x,9), Vy € E}

véi moi x € E. Ta biét rang df 1a toan ti don dieu cuc dai (xem [56]) va
xo € argming f(z) khi va chi khi 9f(z) 3 0.
Ta c6 dinh 1y sau:
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Dinh 1y 3.4. Cho f;, i=1,2,...,N va gj, j=1,2,...., M la cic ham loi, chinh
thuong, nia lien tuc dudi tw E vao (—oo, 00| va F vio (—oo, 00|, tuong ing. Gid
sit S =N (8f;)'0NT (N, (8g;)710) # 0. Cho 1 € E va {x,} la day zdc
dinh boi
: 1 5
tin = arg mindg;(y) + 5 =y = Tl

Zin = Tn — Tnd 5 T (Jp(Txn — t;)), j=1,2,..., M,

Chon jn, a0 cho ||zj, n — anl| = max ||zjn — xall, dat zn = 25, n,

=1,...

1 2
- i , —||x — =1,2,.... N
Yin = arg I;él}lgl{fz(x) + 2)\on zll7} i =1,2,., N,

Chon iy, sa0 cho ||Yi, n — 2znll = max_||yin — 2nll, dat yn = Vi s

=1,...

Chn={2€E: (vn—2zJp(x, —z4)) > || Tx, — 7fjn7n||2}7
D, = {Z SO <yn -z JE<Zn - yn)> > O}a
Qn={z€E: (v, — 2z, Jp(r1 — x,)) > 0},

Tn+1 = Po,np,ng,r1, n > 1,

(3.21)

trong dé {\}, {ptn} C (0,00) v a,b € R théa man cdc bat dang thiic sau:
O0<a<r, and0<b< N\, pn, Vn € N.
Khi dé day {x,} hoi tu manh vé mot phan ti 29 € S, vdi zg = Psxy.

Chiing minh. Ta c6
: 1 9
tjn = arg min{g;(y) + %H?J — Tz, "}

khi va chi khi X
0g;(tjn) + M_JF(tj,n —Tx,) 3 0.

n

Suy ra
tin = Q{MT%,
trong do Qim la giai métric cta B; = Jg;.
Tuong tu, ta co
i = arg min{f(e) + 5o - 2,
khi va chi khi
Yin = J% 2n,
trong doé Jin la giai métric cia A; = df;. Do d6, 4p dung Dinh Iy 3.2 ta nhan
duge diéu phai chiing minh. O
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3.2.2. Bai toan chap nhan tach
T Dinh 1y 3.4, ta c6 két qua sau:

Dinh ly 3.5. Cho L;, i =1,2,....N va K;, j = 1,2,..., M la cdc tap con loi,
dong va khdc rong cia E va F, trong ting. Gid s S = ﬂfilLiﬂT_l(ﬂjj\ilKj) # (.
Cho x1 € E va {z,} la day dugc zdc dinh bdi

Zjm = T — g T*(Jp (T2, — Pg,Txy)), j=1,2,.., M,

Chon j, sao cho ||zj, » — x| = _max |2jm — znll, dat 2z, = 2, n,

Yin = Pr,zn, 1=1,2,..., N,

Chon iy, sao cho ||[Yi, n — 2ol = max_||yin — zull, dat yn = Yi,n,

i=1,..N (3.22)
Chn=4{2€E: (vn—2zJp(x, — z)) > || Tx, — PanTanQ},
Dy ={z€ E: (yn— 2, Je(zn — yn)) 2 0},
Qu=_2€ E: (v, -z Jp(x1 — x,)) > 0},

Tp+l1 = PCnﬁDnﬂanla n=>1,
trong dé {r,} C (0,00) va a € R théa man cdc bat ding thic sau
0<a<r, VneN.

Khi dé, day {x,} hoi tu manh vé mot phan ti zg € S, vdi zg = Psxy.

3.3. Vi du sé minh hoa

Cho Hy = R?® vis Hy = R? v cho T : R?® — R? 1a mot anh xa dudc xac
dinh béi
T($1, Z9, Ig) = (41’1, 41‘3),
v6i moi (1,79, x3) € R3. D& thay T la toan tit tuyén tinh bi chan, |T|| = 4 v&
toan t lien hop T : R? — R3 ctia T dudc xac dinh béi
T*(Il, IQ) = (4(13‘1, 0, 41’4),

v6i moi (1, z2) € R2.
Cho

Li = {(x1, 29, 23) € R®: (21,20, 23) € [0,4] x [—4,2 — 1] x [L —i,1+14]},
K; = {(v1,79) € R*: (z1,22) € [1 — 7,4] x [0,1+ 4]},
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véimoiz=1,2,...,100 va 7 = 1,2, ..., 50.
Xét bai toan:

Tim mot phan ti z* € S = NN L; N T~ (N2, Kj). (3.23)
Dé thay M L; = [0,1] x [=1,1] x [0,2] va 32, K; = [0,1] x [0,2]. Do do,
S =1[0,1/4] x [-1,1] x [0,1/2].

Ta ¢6, néu xq = (1,2,3) thi 29 = Psz; = (1/4,1,1/2) va néu z; = (—1,-2,3)
thi 20 = ngl = (0, —1, 1/2)
Ap dung phuong phap lip (3.3) v6i r, = 1/16, ta nhan dugc bang két qua sau:

ry = (1,2,3)

TOL n |z, —2*||

10 9 0.005097 (0.251464, 1,0.504882)

1073 68 0.000995 (0.250452, 1.000289, 0.500838)
10~ 278  7.26 x 107° (0.250062, 1.000011, 0.500035)
100 1441 9.55 x 107% (0.250008, 1,0.500004)

ry = (—1,-2,3)

TOL n |z, — || =z,

10~ 9 0.005258 (—0.001953, —1,0.504882)
1073 43 0.000485 (—0.000303, —1,0.500379)
10~ 321  6.74x107® (—6.03 x 107>, —1,0.500030)
100 2772 9.64 x 107¢  (—4.30 x 107%,—1.000003, 0.500008)

Bang 3.1

Chii y 3.1. Ta ky hieu TOL la sai s6 gifta nghiém xap xi z,, v nghiém chinh
xac z*, tic la TOL= ||z, — x*||.
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Chuong 4

Piém bat dong chung ctia anh xa Bregman khong
gian manh

Trong chuong nay, ching toi dé cap dén hai phuong phap lap song song dua
trén phuong phap lai chiéu va phuong phap chiéu co hep cho bai toan tim diém
bat dong chung ctia mot ho hit han toan tit Bregman khong giin manh trong
khong gian Banach phan xa cing v6i mot s6 ting dung cho cac bai toan lién
quan (bai todn chap nhan 16i, bai toan tim khong diém chung clia cic toan tit
don diéu cyc dai, bai toan can bang, bai todn bat dang thiic bién phan).

4.1. Phuong phap lap song song

Cho X la mot khong gian Banach phan xa va cho T; : X — X, i =
1,2.,..,N, la N toan tit BSNE véi F(T;) = F(T}) v6i moi i € {1,2,...,N} va
F=nN,F(T;) # 0. Cho f: X — R 13 mot ham Legendre bi chin, kha vi
Fréchet déu va 161 hoan toan trén cac tap con bi chan ctia X.

Tu ¥ tudng cia P.K. Anh vd C.V. Chung trong tai lieu [3], ching toi de
suat hai phuong phéap lip song song mdi cho bai toan tim mot diém bat dong
chung cia mot ho hitu han toan tit Bregman khong gian manh trong khong gian
Banach phan xa. Ta ¢6 dinh 1y sau:

Dinh 1y 4.1. Cho {x,} la day dugc xdc dinh bdi

.

v, = Tixy, i=1,2,...,N,

in = argmax;_ o N{Df(Wh, Tn)}, T = Ui,

{Cn={2€X: D¢(2,73,) < Ds(z,2,)}, (4.1)
Qn={2€X: (V[f(zo) = Vf(zn),z —zn) <0},

| Za+1 = Projg, g, (0),

Khi dé, day {x,} hoi tu manh vé proj?(xo) khi n — +o0.
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Chitng minh. Buéc 1. C,, va Q,, 1a cac tap con 16i va déng ctia X véi moi n € N.
That vay, ta viét C,, va Q,, d cac dang

Cn={2€X: (Vf(@n) = V[ (Un) 2) < [(Tn) — f(an)
+ (V[ (o), 2n) = (7 (), Ui
Qn = {Z € X: <Vf(x0) o Vf(xn)a Z> < <Vf<x0) o Vf(xn)a $n>}

Suy ra C, va @, 1a cic tap con 16i va déng ctia X. Do do, C, N Q,, cing 1a tap
con 16i va déng ctia X v6i moi n > 0.
Buéc 2. Day {z,} hoan toan xéac dinh.

Trude hét, ta chi ra ring F € C,, N Q,, v6i moi n. Lay p € F, v6i mdi n, ta

s

0)
Df(payn) = Df(pa Tznxn) < Df(p7 xn);

diéu nay suy ra p € C,. Vay, F' C C,, v6i moi n > 0. Tt dinh nghia ctia Q,,, ta

c6 F C Qp. Do do6, F C CyNQp va suy ra 1 = projéoon(%) hoan toan xac

dinh. Gia st rang F C C,_1 N Qp—1 v6in > 1. Khi d6 z,, = projénianil(sco)

13 hoan toan xac dinh, vi C,,_1 N Q,_1 1a tap con 16i, déng va khéic rong cia X.

Tit Bo dé 1.14 ii), ta c6

(Vf(zo) =V f(zn),y — z0n) <0,

v6i moi y € C,,_1 N Q1. Do do, tu dinh nghia cta @,, ta nhan duge C,,_1 N
Qn-1 C Qp hay ta c6 F C Q,. Suy ra F C C, N Q, va do d6 z,y1 =
projéann(xo) cling hoan toan xac dinh.
Buéc 3. Day {x,} bi chan.

Tit dinh nghia ctia Q,, va B6 dé 1.14 ii), ta c¢6 x, = projgn(azo). Theo B6 dé
1.14 iii), véi mdi p € F, ta c6

Df(l‘n, l‘o) = Df<pr0jén (330), IO)
< Dy(p,x) — Dy(p, proj}, (z0))
< D¢(p, xo), (4.2)
diéu nay suy ra day {Ds(z,,20)} bi chan. Tt B6 dé 1.15, ta nhan duge day
{z,} cling bi chan.

Buéc 4. lim, 4 ||z, — 7,] = 0.
Viz, = projén(xo) VA Tpp1 € Qp, nén tit Bo dé 1.14 iii) suy ra

Dy(wpq1, projén@o)) + Df(Pl“Ojgn (z0), 7o) < Dy(wn11, 7o)
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va do do

Dg(xni1,20) + Dp(n, 20) < Dp(2n11, 20). (4.3)
Nhu vay, day {Dy(xn,z0)} 1a don diéu tang va két hop véi (4.2), ta nhan duge
gidi han lim,, o0 Df(2, 7o) 1a ton tai va hitu han. T (4.3) suy ra

nEIJIrlOO D¢(xp41,2,) = 0. (4.4)
Tit B3 dé 1.13, ta c6
lim |21 — 24/ = 0. (4.5)

Tt dinh nghia cta C, va z,.1 € C), ta ¢
Df(xn—l-l, yn) S Df(xn-i-la xn)7
va két hop véi (4.5), ta thu duge

lim D¢(zp+1,79,) =0. (4.6)

n—-+4o0o
Do dé, tit Bé dé 1.13, ta nhan dugc
Tim (1 = Tl = 0. (4.7)
Tit (4.5), (4.7) va bat dang thitc
120 = Tnll < 1201 — zall + lTnt1 = Gyl

suy ra ||z, — 7,| — 0, as n — oo.
BuGc 5. Moi gidi han yéu ctia day {z,} déu thuoc F.

Tit Bo dé 1.10, ta c6 f lien tuc déu. Do d6, tit tinh bi chan ctia {57 f(x,)} va
tit dinh nghia ctia D¢(7,,, z,), ta nhan dugc

lim D¢(y,,xn) = 0.

n—-+00

Do vay, tit dinh nghia cta 7, ta thu duge lim, 0 Df(y, 2,) = 0 v6i moi
i €{1,2,..,N}. Tt B6 dé 1.13 suy ra

Jim |z, =[] =0, (4.8)

v6i moi i € {1,2,...,N}.
Tit (4.8) va Bb dé 1.11, ta c6

Tim |7 £(5)) = 7 f ()| = O, (4.9)
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v6i moi i € {1,2,...,N}.
Vé6i mdi p € F va véi moi ¢ € {1,2,..., N}, ta ¢

Dy(p,xy) — Dy(p,yl) = f(y) — flan)
AV FWL) = 7 f (@)D — ) + (VF(YL), T — Y1)

Vi {5} bi chan, nén {7 f(y.)} cling bi chan. Do d6, tit bat dang thic trén,
(4.8) va (4.9), ta nhan dugc
lim (Dy(p, n) — Ds(p,y,)) =0

n—oo
tic la,
lim (D¢ (p, xn) — Dy¢(p, Tizy)) = 0, (4.10)

n—o0
v6imoi p € Fvamoii € {1,2,..., N}. Vi, T} la toan tit BSNE va F(T;) = F(T;),
nén

lim D¢(Tixy, xn) =0, (4.11)

n—oo
véi moi i € {1,2,..., N}. Do d6, néu {z,, } 1 mot day con bat ky cta {z,} hoi
tu yéu vé v, thi v € F(T}) = F(T}) v6i moi i € {1,2,...,N}. Vivay, v € F, titc
1a moi gi6i han yéu cta {x,} thuoc F.
Buéc 6. Day {x,} hoi tu manh vé projé(xo), khi n — +o0.
Dit 2f = projé(xo). Vix, 1 = projéﬂan(xo) va ' C C, N Q,, nén ta co
Dy(wy41,m0) < Dy(xf, 29). Tt dang thiic ba diém, ta c6

Dy(an,a") = Dy(xn, x0) + Dy(x0,2") — (7 f (&) = v f(w0), 20 — 20)
< Df(iUT; To) + Df(xoyﬂ) — (v f(a") = 7 f(@0), zn — 20)
= (Vf(a") = 7 f(x0), 2" — wp). (4.12)

Vi, {x,,} bi chin, nén ton tai mot day con {z,,} cia {z,} hoi tu yéu vé phan
tt u € X. Tt Bude 5, ta c6 u € F. Do d6, tit Bo dé 1.14 ii) va (4.12), ta nhan
dugc

limsup Dy (. 21) < limsup(f(1) — 77 (z0). a8 — 2]

k—+o00 k—+o00
= (Vf(a") = vV f(@0), 2" —u) <0.

Do do,
lim Df(z,,,z") = 0.

k—400
Tit B6 dé 1.13, {x,,, } hoi tu manh vé 2'. Gid st réng {z,,} 12 mot day con khac
ctia {x,}, hoi tu manh vé phan tt u'. Ta 6, {z,,} hoi tu yéu vé /. Bang lap
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luan tuong ty nhu trén, ta nhan duge {w,,} hoi tu manh vé x'. Do d6, {=,} hoi
tu manh vé 2T, khi n — +o0.
Dinh Iy dugc chiing minh. []

Cha § 4.1. Néu trong phuong phdp ldp (4.1), 2p1 = 2, = x, thy z' la mot
diém bat dong chung ciia Ty, Ty, ..., T, tic la qud trinh lgp (4.1) két thic ¢ budc
lap thi n < +o0.

Gan day, P.K. Anh va D.V. Hieu [4] da dua ra hai phuong phap lap song song
dita trén phuong phap chiéu co hep cho bai toan tim mot phan tit chung ctia tap
diém bat dong ctia mot ho anh xa ¢-tua khong gian tiem can, tap nghiem cia
bai toan bat ding thiic bién phan va tap nghiém clia bai todn can bang trong
khong gian Banach tron déu va 2-16i déu.

Ta cling c6 két qua duéi day:

Dinh 1y 4.2. Vdi moi xg € X, day {x,} xdc dinh bdi

(Cy = X,
y;z - ﬂxnv Z - 1727 "‘7N7
| in = argmaxz‘:l,z..‘,N{Df(yzu )}y U = Ui (4.13)

Cn—l—l = {Z e Cy: Df(zayn) < Df(zamn>}7

(Tn+1 = projénJrl (370)7

hoi tu manh vé proj?(:co) khi n — 400.

Chiing minh. Buéc 1. C,, 1a cic tap con 16i va déng ctia X v6i moi n > 0.
R6 rang rang Cy 1a mot tap 16i va déng, vi Cy = X. Gia st rang C,, 1a tap
con 16i va déng ctia X véi n > 0. Ta c6

Cnpr = CuN{z € X2 (v f(xn) = VW), 2) < F(a) = [(2n)
+ <Vf(x)7 xn) - <Vf(yn)7yn>7

diéu nay suy ra C,;1 12 tap con 16i va déng ctia X. Do do, tit cach xay dung tap
C,,, suy ra C, 1a tap con 16i va déng ctia X v6i moi n > 0.
Buéc 2. Day {z,} hoan toan xéc dinh.

R6 rang rang O, 1a tap 16i, déng va F' C €. Gid st F C C,, véi n > 0. Lay
p € F va véi moi n > 0, ta co

Dy (p,y,) = D¢(p, T;,xn) < Dy(p, n),
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diéu nay suy ra p € C,41. Do d6, bang qui nap, ta nhan duge p € C,, véi moi
n > 0. Suy ra, F' C C,, v6i moi n > 0. Vi vay, day {x,} hoan toan xac dinh.
Buéc 3. Day {z,} bi chan.

Vi méi p € F, Tit B dé 1.14 iii), ta c6

Dj(&n, 0) = Dy(projt,, (o), xo)

< Dy(p,x0) — Dy(p, projt;, (z0))
<D (p, xo) (4.14)

diéu nay suy ra day {Dy(zy,,z9)} bi chan. Do d6, tit B6 dé 1.15, day {z,} ciing
bi chan.
Budc 4. Ton tai gidi han hitu han cta day {Dy(x,, z0)}.

Vi C,, ;1 C C,, nén tit Bo dé 1.14 iii) suy ra

Di(Tn1, Projén (z0)) + Df(projén (z0),0) < Dy(wpi1,%0),

va do do
D¢(ng1,2n) + Dy(zn, v0) < De(2n41, o). (4.15)
Suy ra {D¢(x,, x0)} 1a day don dieu tang va két hop véi (4.14), ta thu duge gidi
han lim,, 4 Df(y,, o) 1a ton tai va hitu han.
Buéc 5. Day {x,} hoi tu manh vé phan tit p € X.
Ta c6 C,, C C), v6i moi m > n. Do do, x,, € C),. Vi, x,, = projéﬂ, nén ti Bo
d8 1.14 iii) ta c6

Dy(@m, ) < D¢(Tm,x0) — Dy, x9) — 0,

diéu nay suy ra Df(zm, ), as m,n — +oo. Tt Bo dé 1.13, ||z, — z,| — 0,
khi m,n — +oo. Do d6, {z,} 1a day Cauchy. Vi vay, day {z,,} hoi tu manh vé
phan tit p € X.
Buéc 6. Ta chirap € F.

Vi {z,,} la day Cauchy, nén lim, | ||Zp+1 — Zn|| = 0. TU 2,41 € Cryq va
dinh nghia cta C),.1, ta nhan dugc

[Zn+1 = Yol < |Tnt1 — all-
Do d6, lim,, 400 || Tn+1 — T,,|| = 0. Vi vay, tut danh gia
120 = Tnll < 1201 — zall + 1Tnt1 = Gy ll,
ta thu duge lim, ., « ||z, — 7,|| = 0. Tt dinh nghia cta 7, ta nhan duge
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véimoi 1 =1,2,..., N.

Béi lap luan tuwong tuw nhu Bude 5 trong chitng minh ctia Dinh 1y 4.1, ta c¢6
peF.

Buéc 7. p = proj’}(a:o).

Dit of = proj?(a:o). Vi, = projén(xo) va F C O, ta c6 Dy¢(zy,x0) <
D¢(x,20). Do d6, béi lap luan tuong tu nhu Budc 6 trong chiing minh clia
Dinh 1y 4.1, ta nhan dugc p = .

Dinh 1y dugc chiing minh. ]

Cha y 4.2. Néu trong day lip (4.13), z,41 = x, = i, thi 27 la diém bat
dong chung cia Ty, Ty, ..., T, tic la qud trinh lap (4.13) két thic & budc lap thi
n < +00.

4.2. Ung dung

Trong muc nay, chung toi dua ra mot s6 ing dung ctia cac dinh 1y 4.1 va 4.2
cho mot s6 bai toan lién quan.

4.2.1. Bai toan chap nhan loi

Cho C;, i = 1,2,...,N 1a N tap con 16i, déong va khac réng ciia X, sao cho
C =N, C; # 0. bai toan chap nhan 16i (CFP) 1a xac dinh mot phan it trong
C. Ta biét rang F(projéi) = C; v6i moi i € {1,2,..., N}. va néu ham Legendre
f kha vi Fréchet déu va bi chan trén moi tap con bi chan ctia X, thi phép chiéu
Bregman projéi la toan tit BFNE va F(projéi) = F(projéi) (xem [53]). Do do,
néu lay T; = projéi trong Dinh 1y 4.1 va Dinh 1y 4.2, thi ta nhan dugc hai thuat
toan dé giai bai toan chap nhan 1oi.
Dinh 1y 4.3. Cho C;, i = 1,2,...,N la N tap con loi, déng va khdc rong cia
X, sao cho C =NN¥,C; #0. Cho f: X — R la ham Legendre bi chan, khd
vi Fréchet déu va loi hoan toan trén cdc tap con bi chan cia X. Khi do, vdi
moi xg € X, day {x,} xdc dinh bdi (4.1) hodc (4.13) vdi T; = projéi vdi moi
i=1,2,....N, hoi tu manh vé projé(ajo), khi n — +o00.

4.2.2. Khéng diém chung ctia cic toan ti don diéu cuc dai

Cho A: X — 2% 13 mot toan tt don dieu cuc dai. bai toan tim mot phan
tit z € X sao cho 0 € Az déng vai tro quan trong trong linh vic t6i wu va cac
linh vyce lién quan.
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Nhic lai toan tit gidi ctia A, dude ky hieu 1a Resf:1 . X — 2% vi duge xéc
dinh nhu sau (xem [9)):

Resfl(ac) = (vf+ A7 v flx)

Bauschke va céc cong su [9] da chiing minh réng toan tit gidi nay 1a toan ti
BFNE. Néu thém diéu kién ham Legendre f kha vi Fréchet déu va bi chan trén
moi tap con bi chan ctia X, thi toan ti gidi Resﬁ la toan tit BSNE va n6 thoa
man F(Resg) = F(Resi) (xem [53]). T F(Resj{;) = A710, trong Dinh 1y 4.1 va
Dinh Iy 4.2, néu ta liy T; = Res); v6i moii = 1,2, ..., N, ta nhan dugc hai thuat
toan cho bai toan tim khong diém chung ctia mot ho hitu han toan tit don dieu
cuc dai.

Dinh 1y 4.4. Cho A; : X — 2X i =1,2,...,N la N todn t& don dieu cuc
dai sao cho F' = ﬁfilAlflO # 0. Cho f: X — R la ham Legendre bi chan,
khd vi Fréchet déu va loi hoan toan trén cdc tap con bi chdn cia X. Khi dé, vdi
moi xg € X, day {x,} zdc dinh bdi (4.1) hodc (4.13) vdi T; = Resﬁi vdi moi

i=1,2,...,N, hoi tu manh vé projf;(xo), khi n — +o0.

4.2.3. Bai toan can bang

Cho C'1a mot tap con 16i, déng va khac rong ctia X. Cho ¢ 13 mot song ham
xéac dinh tréen C' x C' va nhan gia tri trong R. Bai toan can bang dudc phat bieu
nhu sau: Tim mot phan ti « € C sao cho

g(z,y) > 0,vy € C. (4.16)

Ta ky hieu EP(g) 1a tap nghiém ctia Bai toan (4.16). Dé nghién cttu Bai toan
(4.16), ta can dat len g mot s6 gia thiét sau (xem [12]):

Cl) g(x,z) = 0 v6i moi z € C;
C2) g la don dieu, tuc 1a, g(z,y) + g(y, z) < 0 v6i moi x,y € C,
C3) v6i moi x,y,z € C,

limsup g(tz + (1 —t)z,y) < g(z,y);
t10

C4) v6i mdi z € C, g(z,.) 1a ham 161, nita lien tuc dudi.
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Toéan tit gidi ctia song ham ¢g: C' x C — R (xem [26]) la Resg DX — 2¢
va duge xac dinh bdi

Resy(z) = {2 € C: g(z,y) +(Vf(2) = Vf(2),y —2) 2 0¥y € C}.
Ta can cac bo dé dudi day (xem [53)):

B6 dé 4.1. Cho f: X — (—o00,+00| la mot ham bitc va khd vi Gateaus déu.
Cho C' la mot tap con 107 va dong ciia X. Néu song ham g : C x C — R théa
man cdc diéu kien C1)-C4), thi dom (Res/) = X.

Bo6 dé 4.2. Cho f: X — (—00,+00] la mot ham Legendre. Cho C' la mot tap
con 101 va déng ciia X. Néu song ham g: C x C — R théa man cdac diéu kién

C1)-C4), thi
i) Res) la don tri;
ii) Res) la todn tit BFNE;

iii) tap diém bat dong ciia Resg la tap nghiém ciua bai toan can bang, tic la,
F(Res!) = EP(g);

iv) EP(g) la tap con loi va déng cia C;
v) vdi moix € X va u € F(Resg), ta co

Dy (u, Resg(:c)) + Df(Resg(:U),x) < Dy(u, x).

Do d6, Tit cac Bo dé 4.1 va Bo dé 4.2 suy ra rang néu f : X — R Ia
mot ham Legendre, biic, bi chan, kha vi Fréchet déu va 16i hoan toan trén céac
tap con bi chin clia X va néu ta lay T; = Resgi, thi 7; 1a toan ti BSNE vé6i
F(T)) = F(T;) (xem [53], B6 dé 1.3.2) va T} ¢6 mién hitu hieu 13 X. Do do, ta
c6 dinh ly sau:

Dinh 1y 4.5. Cho C;, i =1,2,...,N la N tap con loi, dong va khdc rong cia X .
chogi: CixC; — R, i=1,2,...,N la N song ham théa man cdic dieu kién
C1-C4 sao cho S = NY,EP(g;) # 0. Cho f: X — R la mot ham Legendre,
bide, bi chan, khd vi Fréchet déu va 101 hoan toan trén cdc tap con bi chan cia X .
Khi dé, vdi méi zg € X, day {x,} vdc dinh bdi (4.1) hodc (4.13) vdi T; = Res],
vdi moi i =1,2,..., N, hoi tu manh vé projg(:ﬁo), khi n — +o00.



81

4.2.4. Khéng diém chung ctia cic toan ti¥ Bregman ngudc don diéu
manh

Lép cac toan ti Bregman nguge don diéu manh duge xay dung béi Butnariu
va Kassay trong tai licu [20]. Ta gia stt ham Legendre f théa man diéu kién mién
sau:

ran (\Vf — A) Cran (Vf). (4.17)

Mot toan t A: X —s 2% duge goi la toan tit Bregman nguge don diéu manh
(BISM) néu (domA) N (int domf) # @ va v6i bat ky x,y € int domf, va néu
£ € Ax, n € Ay, ta cod

(E—n, v (Vflx) =& —vf(Vfly) —n) >0.

Toan tit phan giai ctia A 1a A7 : X — 2% va dude xac dinh béi

Al =75 f = A).

Ta biét ring toan tit A 1a BISM néu va chi néu toan tit phan giai A/ ciia né
(don tri) 1a toan tit BENE (xem [20], B6 dé 3.5). Reich va céc cong sy da ching
minh ring néu f : X — (—o0,+00] la ham Legendre va A : X — 2% 13
toan tit BISM sao cho A~1(0) # (), thi A~1(0) = F(A/) (xem [52], Ménh dé 7).
Do d6, néu ham Legendre f kha vi Fréchet déu va 10i hoan toan trén céic tap
con bi chan ctia X, thi toan ti phan giai A/ 1a don tri va 1a toan ti& BSNE thoa
méan F(A7) = F(A) (xem [53], Bd dé 1.3.2).

Bay gio, cho C;, i = 1,2,..., N 1a N 1a cac tap con 16i, déng va khac rdng
cia X vacho 4, : X — 2%, ¢ =1,2,...,N la N toan ti BISM sao cho
C; C domA; v6i moi i € {1,2,..., N} va f : X — R. Tu diéu kiéen mién
(4.17), ta co domAlf = (domA) N (int domf) = domA; vi trong trudng hgp nay
int domf = X. Tut Meénh dé 7 i) trong tai lieu [53], ta nhan duge A~1(0) =
F(A7). Do d6, ta c6 dinh ly sau:

Dinh 1y 4.6. Cho C;, i =1,2,....N la N la cdc tap con 1o, dong va khdc rong
clia X sao cho C =NN,C; #0. Cho A;: X — 2%, i=1,2,..,N la N toin
tit BISM sao cho C; C domA; va S = NN, A;71(0) #0. Cho f: X — R la mot
ham Legendre, bi chan, khd vi Fréchet déu va loi hoan toan trén cdc tap con bi
chin cia X. Gid st dieu kien mién (4.17) dugc théa man vdi moi A;. Khi do,
vdi moi xg € X, day {x,} zdc dinh bdi (4.1) hodc (4.13) vai T; = Alf vdi Moi
i=1,2,...,N, hoi tu manh vé projé(mo), khi n — +o0.
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4.2.5. BAt diang thic bién phan
Xét bai toan bat dang thic bién phan: Tim mot phan t& 2" € C sao cho
(AzT,y — 2Ty >0y e C, (4.18)

trong d6 A: X — X* 1a toan tit BISM va C 13 tap con 10i, déng va khéc rong
cia domA. Ta ky hieu VI(C, A) la tap nghiém ctia Bai toan (4.18).

Ta biét rang (xem [52], Ménh 8), Reich va céc cong sy da chiing minh réng
néu f: X — (—00,+00] la ham Legendre va 161 hoan toan, théa man diéu
kien mién (4.17) va A : X — X* 1a toan tit BISM, va néu C la tap con 10,
déng va khac rong ctia domA N int domf, thi VI(A,C) = (pI‘OJC oAT).

Ta biét réng phep chiéu Begman projc 1a toan tit BSNE thoa man tinh chat
F(projé) F(prOJC) Do do, tur Bo dé 2 trong tai lieu [49], prOJ oA 13 toan
ti BSNE véi F(pl”OJC oAT) = (prot]C oAT). Vi vay, ta c6 dinh ly sau:

Dinh 1y 4.7. Cho C;, i = 1,2,....N la N la cdc tap con 1o, déng va khdc rong
ctia X sao cho C =N, ,C;i #0. Cho A; : X — X*, i=1,2,...,N la N todn
tit BISM sao cho C; C domA; va S = NN VI(C;, A;) #0. Cho f: X — R la
mot ham Legendre, bi chin, khd vi Fréchet déu va loi hoan toan trén cdc tap con
bi chan cia X . Gid st diéu kién mien (4.17) dugc théa man vdi moi A;. Khi do,
vdi moi vy € X, day {x,} zdc dinh bdi (4.1) hodc (4.13) vai T; = Alf vdi MOi
i=1,2,...,N, hoi tu manh ve projg(xo), khi n — +o0.

4.3. Hé bai toan can bang hdn hdp tong quat

Tiép theo, ta biét rang toan tit gidi tuong ing vdi bai toin can bang hon hop
tong quat 1a BFNE. Do d6, trong tai liéu [63] ching toi cling da nghién citu va
dwa ra 03 phuong phap lap song song tuong tiy nhu cac phuong phap lap trén
cho bai toan tim nghiém chung ctia mot hé bai toan can biang hén hop tong
quat.

Cho X 14 mot khong gian Banach va cho C' 1a mot tap con 16i, dong va khac
rong cia X.

Cho ©: C x C — R la mot song ham, ¥ : X — X* la mot toan ti phi
tuyén va ¢ : C — R 13 ham s6 xac dinh trén C. Bai toan can bang hon hop
tong quat dugc phat biéu nhu sau: Tim mot phan ti € C sao cho

O(z,y) + (Va,y —x) + ¢(y) = p(z) Yy € C. (4.19)
Tap nghiém cta bai toan (4.19) duge ky hiéu béi GM EP(O, ¢, V), tic la
GMEP(©,p, V) ={z € C: O(z,y) + (Va,y —x) + p(y) > p(z) Vy € C}.
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Cho ®;, i =1,2,..., N la cac song ham tit C x C vao R, cho ¢;, 1 = 1,2,....,. N
14 cac ham s6 tit C vao R va cho ¥;, i = 1,2,..., N 1a cac toan ti tt X vao X*.
Xét he bai toan can bing hén hop tong quat sau: Tim mot phan t& « € C sao
cho

€ NY,GMEP(9;,¢;, ;).

Néu ¥ = 0, thi Bai todn (4.19) tré thanh bai toan can bang hén hgp (xem
[23]) tim mot phan tt € C sao cho

O(z,y) + ¢(y) > ¢(x) Vy € C. (4.20)

Ta ding ky hieu M EP(©) dé chi tap nghiém ctia Bai toan (4.20).
Néu ¢ = 0, thi Bai toan (4.19) trd thanh bai toan can bang hén hop tong
quét (xem [60]) tim mot phan tit x € C sao cho

O(z,y) + (Vo,y —x) >0 Vy € C. (4.21)

Tap nghiém ctia bai toan (4.21) duge ky hiéu béi GEP(O, V).
Néu © = 0, thi Bai toan (4.19) tré thanh bai toan bat ding thitc bién phan
hdn hgp kiéu Browder (xem [17]) tim mot phan tit z € C sao cho

(Va,y —x) + o(y) > ¢(r) Vy € C. (4.22)

Tap nghiém ctia Bai toan (4.22) duge ky hiéu béi MV I(C, @, V).
Néu ¢ = 0 va ¥ = 0, thi Bai toan (4.19) tr6é thanh bai todn can bang (xem
[12]) tim mot phan it € C sao cho

O(z,y) >0Vy € C. (4.23)

Cho C;, i = 1,2,...,N la cac tap con 1oi, déng va khac rdng ctia X. Cho
f: X — R 13 ham Legendre btic, bi chin, kha vi Fréchet déu va 16i hoan toan
trén cac tap con bi chan ctiia X. Gid st 6, : C; x C; — R théa méan cac dicu
kien C1)-C4), ¢; : C; — R 1a cac ham 16i nita lien tuc dudi tir C; vao R va
v, . C; — X™ la cac toan ti don diéu, lién tuc, v6i moi ¢ = 1,2, ..., N. Gia st
rang F' = NY GMEP(0;,¢;,V,;) # 0.

D@ giai bai toan can bing hén hop tong quat, ta can mot s6 gia thiét dat len
song ham © : C' x C' — R nhu sau:

Cl) O(z,x) =0 v6i moi z € C

C2) O la don diéu, tic la, O(x,y) + O(y,x) < 0 véi moi z,y € C;
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C3) v6i moi z,y, 2z € C,

limsupO(tz + (1 — t)x,y) < O(z,y);
t10

C4) v6i méi z € C, O(x,.) 1a ham 16i va nita lien tuc dudi.
Ching toi da thu duge cac két qua dudi day:

Dinh 1y 4.8. Vdi moi xg € X, day {x,} xdc dinh bdi

4 .
y;L‘L — Resj(;i ©i U, I’n, Z i 1, 2, ceey N,
in = argmax,_j o N{Ds(Y), Tn)}, o = Ui

1Cn={2€ X : Ds(2,9,) < Dg(2,24)},

| Tnt1 = projéﬂan(xg), n>0

hoi tu manh vé proj?(:co) khi n — 400.

Dinh ly 4.9. Vi moi xg € X, day {x,} xdc dinh bdi

(Co=X,
Yl = Reséwi’q,i Tp, 1=1,2,....N,

§ in = argmax;_y o N{Ds(h. 2n)}, T = Yl
Chi1={2€ Cp: Df(2,Y,) < Dz, 25)},

[ Tnt+1 = projén+1 (o),

hoi tu manh vé proj?(:co) khi n — 400.

Dinh ly 4.10. Vdi moi xg € X, day {x,} zdc dinh bdi

(
QOZXJ

ny:Resé T, 1=1,2,...,N,

i, i
\ tn = argmaxi:lﬂ,“.,N{Df(y:w wn)}a Un = Yn"s
Qn—H - {Z < Qn : <Vf(xn) - Vf(yn)a Z = yn> S 0}7

| nt1 = Projy, ,, (@0),

hoi tu manh vé proj?(xo) khi n — 400.

Qn={2€ X : (Vf(xo) —Vf(zn),z —zn) <0},

(4.24)

(4.25)

(4.26)
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Két luan

Trong dé tai, chiing tdi da dat dudc mot s6 két qua co ban sau:

Trinh bay mot s6 van dé co ban vé cau tric hinh hoc ctia khong gian
Banach; mot sé phuong phap lap dé xap xi khong diém clia toan ti j-don
diéu (phuong phép diém gan ke, phuong phap lip kiéu Halpern va phuong
phap xap xi mém);

Dé xuat phuong phap lai ghép xap xi khong diém ctia mot toan tit m-j-don
diéu trong tai licu [65];

Trinh bay két qua dat duge clia dé tai trong céc bai bao [39] va [40] veé
phuong phap lap luan phién két hop véi phuong phap xap xi mém va
phuong phap prox-Tikhonov cho bai toan tim khong diém chung ciia hai
toan tit j-don diéu trong khong gian Banach;

Dé xuat cac phuong phap lap song song cho bai toan tim diém bat dong
chung ctia mot ho hitu han day anh xa gan khong gian trong khong gian
Hilbert [66];

Phuong phép lap song song cho bai toan khong diém chung tach trong
khong gian Banach [64];

Trinh bay hai phuong phéap lip song song cho bai toan tim diém bat dong
chung ctia mot ho hitu han toan tit Bregman khong gian manh va hé bai
toan can bang hén hop tong quat trong khong gian Banach phan xa [62, 63];

Dua ra mot s6 ing dung clia cac két qua thu dude cho cac bai toan lién
quan, cliing véi dé 1a mot s6 vi du don gidn nham minh hoa thém cho cac
phuong phap.
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