BO GIAO DUC VA DAO TAO
DAI HOC THAI NGUYEN

\ BAO CAO TOM TAT )
DE TAI KHOA HOC VA CONG NGHE CAP BO

XAP Xi KHONG DIEM CHUNG
CUA HAI TOAN TU KIEU DON DIEU

VA UNG DUNG

Ma sb6: B2016-TNA-26

Chit nhiém dé tai: TS. Truong Minh Tuyén

Thai Nguyén — 2018




11

BO GIAO DUC VA DAO TAO
DAI HOC THAI NGUYEN

\ BAO CAO TOM TAT ,
DE TAI KHOA HOC VA CONG NGHE CAP BO

XAP Xi KHONG DIEM CHUNG
CUA HAI TOAN TU KIEU DON DIEU

VA UNG DUNG

Ma sb6: B2016-TNA-26

XAc nhan cta to chidc chu tri Cht nhiém dé tai
(kij, ho tén, déng dau) (ky, ho tén)

Truong Minh Tuyén

Thai Nguyén — 2018



il

Danh sach cac thanh vién tham gia nghién ciu dé
tai va don vi phdi hop chinh

1. Danh sach cac thanh vién tham gia nghién citu dé tai

TT | Ho va tén Don vi cong tac | N6i dung nghién ctu cu
va linh vuc thé dugc giao
chuyén moén
1 ThS. Khoa Toan-Tin, | Nghién citu tinh on dinh cta
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Thanh Mai | DHTN; Toan Giai
tich
2 ThS. Khoa Toan-Tin, | Nghién cttu phuong phap lap
Nguyén Truong DHKH, | luan phién va diém gan ke
Thanh DHTN; Toan Giai | két hop v6i phuong phap lip
Huong tich Halpern cho bai toan xac dinh
khong diém chung ctia ho toan
tt don diéu cuc dai trong
khong gian Banach
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1. Thong tin chung
Tén dé tai: Xap xi khong diém chung clia hai toan ti kiéu don diéu va tng
dung
Ma s6: B2016-TNA-26
Chii nhiém dé tai: TS. Truong Minh Tuyén
Email: tuyentm@tnus.edu.vn
Dién thoai: 0982890409
Co quan chu tri: Dai hoc Théai Nguyén
Thoi gian thyc hién: 2016-2017
2. Muc tiéu
- Dé xuat cac phuong phap xap xi khong diém chung ciia hai toan tit kiéu don
diéu vd md rong cho truong hop hitu han toan tit dya trén sy cai tién phuong
phép lap cua H. H. Bauschke, P. L. Combettes va S. Reich [2];
- bé xuat cac phuong phap xap xi nghiém ctlia bai toan bat dang thitc bién phan
trén tap diém bat dong chung ctia cac anh xa khong gian hay tap khong diém
chung clia cac toan ti kiéu don dieu.
3. Tinh méi va tinh sang tao

Dé tai da nghién citu v dua ra cac phuong phap lap mdi cho bai toan tim
khong diém chung ctia hai (hitu han) toan tit kicu don diéu, bai toan khong diém
chung tach va bai toan tim diém bat dong chung ctia mot ho hitu han anh xa
Bregman khong gian manh trong khong gian Banach ciing véi mot s6 tng dung
clia cac két qua thu dudge cho cac 16p bai toan khéc.
4. Két qua nghién ciu
- Dé tai da nghien citu két hop phuong phap lip luan phién véi phuong phap xap
xi gén két va phuong phap prox-Tikhonov cho bai toan tim khong diém chung
ctia hai toan tit j-don diéu trong khong gian Banach (02 bai bao khoa hoc);
- Dé tai da nghien cttu phuong phap lip song song cho bai toan khong diém
chung téch trong khong gian Banach (01 bai béo khoa hoc);
- Dé tai da nghién cttu phuong phéap lip song song cho bai todn tim diém bat
dong chung ctia mot ho hitu han 4nh xa Bregman khong gian manh trong khong
gian Banach phan xa (02 bai bédo khoa hoc).
5. San pham
5.1. San pham khoa hoc
1. Tuyen T.M. (2017), “A strong convergence theorem for the split common null
point problem in Banach spaces”, Appl. Math. Optim., doi.org/10.1007/s00245-
017-9427-z. (SCI)
2. T.M. Tuyen (2017), “On the strong convergence theorem of the hybrid viscos-
ity approximation method for zeros of m-accretive operators in Banach spaces”,
Nonlinear Functional Analysis and Applications, 22(2), pp. 287-299. (Scopus)
3. Tuyen T. M., Ha N. S. (2017), “Parallel iterative methods for a finite family
of sequences of nearly nonexpansive mappings in Hilbert spaces”, Comp. Appl.
Math., DOI 10.1007 /s40314-017-0503-4. (SCIE)
4. Tuyen T.M. (2017), “Parallel iterative methods for Bregman strongly non-
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expansive operators in reflexive Banach spaces”, J. Fixed Point Theory Appl.,
19(3), 1695-1710 (SCIE)

5. Tuyen T.M. (2017), “Parallel iterative methods for solving systems of general-
ized mixed equilibrium problems in reflexive Banach spaces", Optimization, 66
(4), pp. 623-639 (SCIE)

5.2. San pham dao tao

- Huéng dan 05 luan van cao hoc:

1. Nguyén Thi Hong Phuong (2016), Phuong phap zap zi gan két lai ghép cho
bai todn xdc dinh khong diém cia todn tit j-don diéu, truong Dai hoc Khoa hoc,
Dai hoc Thai Nguyén.

2. Nguyén Van Quan (2016), Phuong phdp diém gan ké qudn tinh wdc dinh khong
diém cia todn ti don dieu va nguoc don diéu manh trong khong gian Hilbert,
truong Dai hoc Khoa hoc, Dai hoc Thai Nguyén.

3. Nguyén Thi Thu Thuy (2016), Phuong phdp hiéu chinh Tikhonov va phuong
phdp diém gan ké qudn tinh hiéu chinh cho bai todn tim diém bat dong chung
cua mot ho hiu han anh xa khong gian trong khong gian Banach, trucng Dai
hoc Khoa hoc, Dai hoc Thai Nguyén.

4. Nguyén Thién Quang (2017), Mot s6 phuong phdp lai tim diém bat dong chung
ctua mot ho danh xa khong gian trong khong gian Hilbert, truong Dai hoc Khoa
hoc, Dai hoc Thai Nguyeén.

5. Hoang Thi Thuong (2017), Xdp xi khong diém chung cia hai todn ti j-don
diéu trong khong gian Banach, truong Dai hoc Khoa hoc, Dai hoc Thai Nguyén.
- Huéng dan 01 dé tai sinh vién nghién citu khoa hoc:

1. Tran Thi Thanh Loan (2016), Bat dang thitc bién phan trén tap diém bat dong
chung cia mot ho hiu han dnh xa khong gian, truong Dai hoc Khoa hoc, Dai
hoc Thai Nguyén.

6. Phuong thidc chuyén giao, dia chi tng dung, tac dong va lgi ich
mang lai

- Vé khoa hoc: Cong b6 dudge mot s6 két qua mdi, c6 ¥ nghia khoa hoc trén cac
tap chi quoc té c6 uy tin ISI (thudc chi dé nghién cttu ctia dé tai).

- Vé gido duc va dao tao: Huéng dan thac si, hd trg luan an tién si clia mot
thanh vien dé tai, phuc vu hiéu qué cho cong tac gidng day sau dai hoc céc
chuyén nganh vé Toan tai Dai hoc Khoa hoc-Dai hoc Thai Nguyeén.

- Gop phan nang cao nang Iyc nghién citu cac thanh vién trong nhém thuc hien
dé tai, md rong hop tac nghién ciu.

T6 chiic chu tri Cht nhiém dé tai
(ky, ho tén, déng dau) (kij, ho tén)

Truong Minh Tuyén
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1. General Information
Project title: Approximate a common zero for two monotone type operators
and applications
Code number: B2016-TNA-26
Coordinator: Dr. Truong Minh Tuyen
Email: tuyentm@tnus.edu.vn
Phone: 0982890409
Implementing institution: Thai Nguyen University
Duration: From 1/2016 to 12/2017
2. Objectives
- Study the approximation methods to find the common zero of two monotone
type operators and extend this methods for the problem of finding a common
zero of a finite family of monotone operators base on the modification of iterative
method of H. H. Bauschke, P. L. Combettes and S. Reich in [11];
- Study the solution approximation methods of the variational inequalities over
the set of common fixed points of nonexpansive mappings or the set of common
zeros of monotones type operators.
3. Novelty and creativity

The project studied and gave some new iterative methods for solving the
problem of finding a common zero of two (finite) monotone type operators, the
split common null point problem, and the problem of finding a common fixed
point of a finite family of Bregman strongly nonexpansive operators in Banach
spaces and some applications of obtained results for some problems related.
4. Research results
- The project studied the combination alternating iterative method with the vis-
cosity approximation method and prox-Tikhonov method for solving the prob-
lem of finding a common zero of two accretive operators in Banach spaces (02
papers);
- The project studied two parallel iterative methods for solving the split common
null point problem in Banach spaces (01 paper);
- The project studied two parallel iterative methods for solving the problem of
finding a common fixed point of a finite family of Bregman strongly nonexpan-
sive operators in reflexive Banach spaces (02 papers).
5. Products
5.1. Scientific publications
1. Tuyen T.M. (2017), “A strong convergence theorem for the split common null
point problem in Banach spaces”, Appl. Math. Optim., doi.org/10.1007/s00245-
017-9427-z. (SCI)
2. T.M. Tuyen (2017), “On the strong convergence theorem of the hybrid viscos-
ity approximation method for zeros of m-accretive operators in Banach spaces”,
Nonlinear Functional Analysis and Applications, 22(2), pp. 287-299. (Scopus)
3. Tuyen T. M., Ha N. S. (2017), “Parallel iterative methods for a finite family
of sequences of nearly nonexpansive mappings in Hilbert spaces”, Comp. Appl.
Math., DOI 10.1007/s40314-017-0503-4. (SCIE)
4. Tuyen T.M. (2017), “Parallel iterative methods for Bregman strongly non-
expansive operators in reflexive Banach spaces”, J. Fixed Point Theory Appl.,
19(3), 16951710 (SCIE)
5. Tuyen T.M. (2017), “Parallel iterative methods for solving systems of general-



ized mixed equilibrium problems in reflexive Banach spaces", Optimization, 66
(4), pp. 623-639 (SCIE)

5.2. Training results: 05 master of theses

1. Nguyen Thi Hong Phuong (2016), Hybrid viscosity approzimation method for
the problem of finding zero of accretive operators, Thai Nguyen University of
Sciences.

2. Nguyen Van Quan (2016), Inertial proximal point method for zeros of mono-
tone operators and inverse strongly monotone operators in Hilbert spaces, Thai
Nguyen University of Sciences.

3. Nguyen Thi Thu Thuy (2016), Tikhonov regularization method and regular-
ization inertial proximal point method for the problem of finding common fized
point of a finite family of nonexpansive mappings in Banach spaces, Thai Nguyen
University of Sciences.

4. Nguyen Thien Quang (2017), Hybrid methods for finding a common fized point
of a family of nonexpansive mappings in Hilbert spaces, Thai Nguyen University
of Sciences.

5. Hoang Thi Thuong (2017), Approximate a common zero of two accretive op-
erators in Banach spaces, Thai Nguyen University of Sciences.

01 scientific research students

1. Tran Thi Thanh Loan (2016), Variational inequalities over the set of common
fized points of finite family of nonerpansive mappings, Thai Nguyen University
of Sciences.

6. Applications and effectiveness

- On the scientific aspect: Publishing some scientific results in ISI journals of
mathematics (in the research topic of the project).

- On educational aspect: Instructing 5 master theses, supporting a PhD thesis,
teaching undergraduate students and graduate students in mathematics at Thai
Nguyen University of Sciences.

- Strengthening the research capacity for the investigators of the projects, deep-
ening the cooperation in scientific research with domestic and international re-
search institution.



Bai toan xac dinh khong diém ctia toan tit j-don diéu c¢6 ¥ nghia quan trong
trong nhiéu linh vic khac nhau, nhu khoa hoc vat li, t6i wu hoéa, toan kinh té,

toan tai chinh... O day, ta quan tam dén bai toan sau:
Xac dinh mot phan ti 2* € E sao cho:

0 € A(x"), (0.1)

trong d6 A : E — 2% 1a mot toan tit j-don diéu xac dinh trén khong gian
Banach E. Ta biét rang khi E 13 khong gian Hilbert thi toan ti j-don diéu dugc
goi la toan tit don diéu.

Khi A: H — 27 mot toan tit don diéu cuc dai trén khong gian Hilbert H,
thi R. T. Rockafellar [57] da dé xuat phuong phap diém gan ke dé xac dinh day
{z,,} nhu sau:

Ty € CpAT 1 + Ty, X0 € H, (0.2)

& day ¢, > ¢o > 0. Tuy nhién, viéc ap dung phuong phap lap (0.2) chi thu duge
sit hoi tu yéu ciia day {x,} vé mot khong diém clia A.

Trong nhitng nam gan day, xuat phat tit mot s6 mo hinh toan thyc té trong
t61 uu hoa va vat 1y, bai toan tim khong diém ctia tong ciia hai toan ti don dieu
cuc dai hay bai toan tim khong diém chung ctia hai toan tit kiéu don dieu va
tong quat hon 1a bai toan tim khong diém chung ctia mét ho hitu han cac toan
ttt kiéu don dieu, da thu hit su quan tam nghién ctu ctia nhiéu nha toan hoc
trén thé gidi.

Nam 2005, H. H. Bauschke, P. L. Combettes va S. Reich [11] d& dé xuét két
hop phuong phap diém gan ké va phuong phap lip luan phién cho bai toan xac
dinh khong diém ctia hai toan t& don diéu cuc dai trong khong gian Hilbert.
Tuy nhién, ho chi thu dugce sy hoi tu yéu. Nhu vay mot van dé dat ta 1a lieu
rang c6 thé cai tién phuong phéap lip luan phién cho bai toan tim khong diém
chung ciia hai toan ti kiéu don diéu, dong thoi phuong phap dit ra sé hoi tu
manh dén nghiém ctia bai toan.

Bai toan tim diém bat dong chung ctia mot ho hitu han cac anh xa khong
gian trong khong gian Hilbert hay khong gian Banach la mot truong hop riéng
ctia bai toan chap nhan 16i: “Tim mot phan tit thudc giao khac rdng ctia mot ho
hitu han hay vo han céac tap con 16i va dong {C;}ics ctia khong gian Hilbert H
hay khong gian Banach E”. Bai toan nay c6 nhiéu ing dung quan trong trong
cac linh vire khoa hoc khac nhau nhu: Xt 1i anh, khoi phuc tin hiéu, vat ly, y
hoc ... Mot trong nhitng mé rong cia 16p anh xa khong gian trong khong gian
Banach 1a 16p anh xa Bregman khong gian manh (khong gian theo khoéng cach
Bregman). Bai toan tim diém bat dong ctia 4nh xa Bregman khong gian manh
c6 moi lien hé mat thiét v6i cac bai toan khac nhu bai toan chap nhan 16i, bai
toan tim khong diém ciia toan ti don diéu cuc dai, bai toan can bang, bai toan
bat dang thiic bién phan ... Do d6, viéc nghién cttu cac phuong phép tim diém
bat dong chung ctia mot ho hitu han 4nh xa Bregman khong gian manh c6 nhicu
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¥ nghia quan trong va dang dugc nhiéu nguoi lam toan trong va ngoai nudc
quan tam nghién citu.
Muc dich cta de tai nay la:

e Nghién cttu két hgp phuong phéap lip luan phién véi phuong phap xap xi
mém hay phuong phép prox-Tikhonov cho bai toan tim khong diém chung
cua hai toan tit j-don diéu trong khong gian Banach;

e Phuong phap lip song song cho bai toan khong diém chung téch trong
khong gian Banach;

e Nghién citu phuong phap lap song song gidi bai toan tim diém bat dong
chung cia mét ho hitu han toan tit Bregman khong gian manh va hé bai
toan can bang hon hop tong quat trong khong gian Banach phan xa;

e Dua ra mot s6 tng dung clia cac két qua thu duce cho cac 16p bai toan
lién quan.

Noi dung chinh ctia dé tai duge chia lam bén chuong:
Chuong 1. Kién thic chuan bi

Trong chuong nay ching toi dé cap dén mot s6 van dé co ban vé cau truc
hinh hoc clia khong gian Banach, mot s6 phuong phap tim khong diém ctia toan
tit kieu don diéu (phuong phap diém gan ke, phuong phép lap kiéu Halpern va
phuong phap xap xi mém), khodng cach Bregman, phép chiéu Bregman, anh xa
Bregman khong gian manh vi mot sé6 bo dé bd trg can st dung trong ching
minh cic dinh 1y chinh dugc dé cap 6 nhitng chuong sau ctia dé tai.
Chuong 2. Xap xi khong diém chung ctia hai toan ti j-don diéu

Chuong nay trinh bay cac két qua nghién citu clia dé tai clia cic tac gia
T.M. Tuyen [65], J.K. Kim va T.M. Tuyén [39, 40], T.M. Tuyen va N.S. Ha [66]
vé phuong phéap lai ghép tim khong diém ctia mot toan ti j-don diéu, phuong
phap lap luan phién két hop vdi phuong phap xap xi mém hay phuong phap
prox-Tikhonov cho bai toan tim khong diém chung ciia hai toan ti j-don dieu
trong khong gian Banach va phuong phap lip song song cho bai toan tim diém
bat dong chung ctia mot ho hitu han day anh xa gan khong gian, cling véi cac
ting dung ctia n6 cho cac bai toan lién quan. Ngoai ra, chiing t6i ciing xay dung
mot s6 vi du don gidn nhdm minh hoa thém cho cac phuong phap.
Chuong 3. Xap xi nghiém ctia bai toan khéng diém chung tach trong
khong gian Banach

Chuong nay trinh bay cac két qua nghién ctiu vé phuong phap lip song song
ctia chtt nhiem dé tai trong tai ligu [64] cho bai toan xap xi nghiém ctia bai toan
khong diém chung tach trong khong gian Banach, ciing véi dé 1a mot so tng
dung cho cac bai toan lién quan.
Chuong 4. Diém bat dong chung cta anh xa Bregman khéng gian
manh

Chuong nay trinh bay cac két qua dat duge cia deé tai tir bai bao [62, 63] vé
hai phuong phap lap song song duta trén phuong phap lai chiéu va phuong phap
chiéu co hep cho bai todn tim mot diém bat dong chung ctia mot ho hitu han
toan tit Bregman khong gian manh trong khong gian Banach phan xa, cting véi
do6 14 mot s6 ing dung clia cac két qua thu dude cho cac bai toan lien quan.



Chuong 1

Kién thitc chuan bi

Chuong nay bao bom 4 muc, trong d6: Muc 1.1 giéi thieu so lude vé maot
s6 diic trung co ban vé cau tric hinh hoc clia khong gian Banach. Muc 1.2 dé
cap dén mot so6 phuong phap tim khong diém ciia toan ti j-don diéu, bao gdm
phuong phép diém gan ké, phuong phap lip kiéu Halpern va phuong phap xap
xi mém. Muc 1.3 gi6i thieu vé khoang cach Bregman, phép chiéu Bregman va
toan tit Bregman khong gian manh. Muc 1.4 trinh bay mot s6 bo dé bo trg can
stt dung dén trong ching minh cac dinh 1y dudc dé cap trong cac chuong sau
clia dé tai.

1.1. Mot s6 van dé cd ban vé cau tric hinh hoc cua
khong gian Banach

1.2. Mot sé phuong phap tim khong diém cuia toan ti
j-don diéu

1.2.1. Phuong phap diém gan ké

1.2.2. Phuong phéap lip kiéu Halpern

1.2.3. Phuong phap xap xi mém

1.3. Khoang cach Bregman va anh xa Bregman khéng
gian manh

1.3.1. Khoang cach Bregman va phép chiéu Bregman

1.3.2. Anh xa Bregman khong gian manh
1.4. Mot sé bd dé bb tro



Chuong 2
X4p xi khong diém chung ctia hai toan ti& j-don
diéu

Trong chuong nay dé tai tap trung trinh bay lai cidc két qua nghién ciu dat
duge dua trén su két hop gitta phuong phap diém gan ké, phuong phap lap
Mann, phuong phap lap Halpern, phuong phap xap xi gan két hay phuong phap
prox-Tikhonov véi phuong phap lip luan phién cho bai todn tim khong diém
clia mot toan t1t j-don dieu, khong diém chung ctia hai toan ti j-don diéu trong
khong gian Banach. Ngoai ra, trong chuong nay ching toi ciing dé cap dén mot
s6 ing dung cho céc 16p bai toan khac nhu: Bai toan tim diém cuc tiéu chung
ctia hai phiém ham 16i, bai todn chap nhan 16i, bai toan bat dang thiic bién phan
va bai toan can bang. Cluing véi d6, ching toi ciing gidi thieu mot vi du sé6 duge
lap trinh va thit nghiém s6 dua trén phan mém MATLAB nhim minh hoa thém
cho cac phuong phép lap.

2.1. Phuong phap xap xi mém lai ghép
Ta c6 dinh 1y sau [?]:

Dinh 1y 2.1. Cho E la mot khong gian Banach 1oi déu va tron déu, A la mot
todn tit m-j-don diéu trong E vdi C = A~1(0) # 0 va cho f : E — K = D(A)
la mot anh wa co vdi hé s6 co 8 € [0,1). Gid st F: E — E la §-j-don diéu
manh va \-gid co chat vdi 6 + X\ > 1. Cho trudc cic day s6 { .}, {un} trong
0,1], {an}, {Bn} trong (0,1] va {r,} C [g,00) vdi e > 0, gid si rang cic diéu
kién sau ding:

(1) limyyoo B =0 va > o2 By = 00;
Anfin
B
(iii) {an} C [a,b], vdia,be (0,1);

(if) limysoc =0;

Khi dé, vdi bat ky xg € E, day {x,} zdc dinh bdi

{yn = QnTy + (1 - an)Jrnxna (21)

Tnt+1 = an(xn) + (1 - 6n)[Jrnyn - )\n:unF(Jrnyn)]» Vn > 0,

hoi tu manh vé mot khong diém p cia A, la nghiém duy nhat cia bat dang thic

bién phan VI*(I — f,C), tic la

(I = fp,jlp—u)) <0, YueC.
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2.2. Phuong phap diém gan ké két hop véi phuong phap
xap xi mém xap xi khéng diém chung ctia hai toan
tw j-don diéu

2.2.1. Phuong phap lap va su hoi tu

Cac tac gia J. K. Kim va T.M. Tuyén da ching minh dinh ly sau:

Dinh 1y 2.2. Cho E la mot khong gian Banach 107 déu va tron déu. Cho C
la mot tap con loi, déng va khdc mong cia E. Cho A : D(A) C C — 2F wa
B: D(B) € C — 2" la cic todn tik j-don dieu véi S = A7'0N B~'0 # 0,
D(A)cC c ﬂr>0R(I+rA) va D(B) C C' C NpsoR(I+7B). Cho {a,,} C (0,1),
{B.} va {y} la cic day so duong théa man cic diéu kién:

1) lmy, oo 0 = 0, D02 gy = 00;

ii) 21010:0 a1 — Oén] < 00 hoge limy, g i1 /oy, = 1;

i) B, > &, v > € wdie > 0 va vdi moi n, Y " |Bn+1 — Bul < 00 wva
ZZO:O ”Yn+1 - 'Yn‘ < 00,

Cho {x,} la day duge xdc dinh bdi

= Ji 2y, n=0,1,..., (2.2)
Tpi1 = apu+ (1 — )J Yn, n=1,2.. (2.3)

trong dé u va xg la cac phan tii bat ky trong C. Khi dé, day {x,} hoi tu manh
vée Qgu, trong dé Qg : C — S la dnh xa co it khong gian theo tia tw C lén
S.

Tiép theo, cac tac gid J.K. Kim va T.M. Tuyén ciing da nghién citu sy hoi
tu manh cia day lap {z,} dugc xac dinh béi zp € C va

dy = Jjh 20, n=0,1,..., (2.4)
Zne1 = an f(dy) + (1 — an)Jidn, n=20,1,2...

trong d6 f: C — C 1a mot anh xa co tit C' vao C véi hé s6 co la ¢ € [0,1).
Ho da ching minh két qua dudi day:

Dinh 1y 2.3. Cho E la mot khong gian Banach loi déu va tron déu. Cho C
la mot tap con 1oi, déng va khdc rong ciia E. Cho A : D(A) C C — 2F va
B: DB)CC — 2F la cdc toan ti j-don dieu véi S = A7'0N B0 # 0,
D(A)cCc ﬂT>0R(I+rA) va D(B) C C' C NpsoR(I+7B). Cho {a,} C (0,1),
{8} va {y} la cic day sé duong théa man cac dieu kién:

. . o0
i) limy oo 0, =0, Y~ g = 00;

11) Z;.Lo:() |Oén+1 - Oén’ < 0 hOdC hmn_>0 ()[n+1/an = 17'
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i) B, >r>0,7v >r>0vdimoin, Y o|Bnt1 —Bul <00 va Y oo |Yns1 —
Tn| < 00.
Khi dé, day {z,} xdc dinh bdi (2.4) va (2.5) hoi tu manh vé phan ti x* € S
théa man Qgf(x*) = x*.
Ta biét rang néu A 1a toan tit m-j-don dieu, thi A théa man diéu kién mieén.
Do do6, ta c6 két qua sau:

Dinh 1y 2.4. Cho E la mot khong gian Banach 107 déu va tron déu. Cho C la
mot tap con 10i, dong va khac rong cia E. Cho A: E —2F va B: B — 2F
la hai todn ti m-j-don diéu sao cho S = A710N B710 # 0. Cho {ay,} C (0,1),
{Bn} va {v} la cic day so thuc duong théa man cac dicu kién:

1) lmy oo i, =0, Y 07§ vy = 005

i) > lamt1 — | < 0o hode limy, o apg1/ay = 1;

iii) B, >1r >0, 7, >7r >0 vdi moin, Ziio |Bnt1 — Bn| < 00 va Z;O:o Y41 —
Tn| < 00.

Khi dé, day {z,} xdc dinh bdi (2.4) va (2.5) hoi tu manh vé mot phan ti x* € S
sao cho Qgf(x*) = x*.

2.2.2. Tinh 6n dinh ctia phuwong phap
Trong muc nay ching toi trinh bay vé tinh 6n dinh ctia phuong phéap lap
(2.4) va (2.5) 6 dang sau:
Up = JE Un, ug € C, n=0,1,..., (2.6)
Upt1 = o f(vn) + (1 — an)Jf:Lvn, n=0,1,2.. (2.7)

trong d6 A" : D(A") C C — 28 A" . D(A") C C — 2F 1a cac toan tit
j-don diéu vé6i D(A™) = D(A), D(B™) = D(B) va sao cho

H(A"(2), A(2)) < galllz])hyy, H(B" (), B(x)) < gp(ll|)hy; (2.8)

v6i g4, gp la cac ham bi chan (dnh ctia tap bi chan 1a tap bi chin) xac dinh véi
t >0, thoa man g4(0) =0, gp(0) =0 va {h2}, {hB} 14 cac day s6 thue duong.
Ta c6 cac két qua sau:

Dinh 1y 2.5. Cho E la mot khong gian Banach loi déu va tron déu. Cho C
la mot tap con loi, dong va khdc rong cia E. Cho A : D(A) C C — 2F va
B: D(B) C C — 2F la cdc todn tit j-don diéu théa man S = A~10NB~10 # (),

D(A) c C C NysoR(I+71A) va D(B) C C C NysoR(I+7rB). Néu cic diéu kién
sau diung

. . o0
i) limy o0, =0, Y~ gy = 00;

11) ZSLO:O |Oén+1 - O[n’ < o0 hOdC hmn_>0 an+1/an = 17'
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i) B, >r>0,7v >r>0vdimoin, Y o|Bnt1 —Bul <00 va Y oo |Yns1 —
Y| < 005

iv) 300 Buhit < oo wa Y vhE < oo hode limy, oo Buhd /= 0 wa
limy, 00 %h,]f/@n =0,

thy day {u,} zdc dinh bdi (2.6) va (2.7) hoi tu manh vé phan ti x* € S théa
man Qgf(x*) = z*.

2.3. Phuong phap prox-Tikhonov xdp xi khéng diém
chung ctia hai toan t j-don diéu

2.3.1. Phuong phap lap va su hoi tu

Dinh 1y 2.6. Cho E la mot khong gian Banach phdn za vdi tinh lién tuc yéu theo
day ctia dnh za doi ngau chuan tdic j sao cho moi tap con loi, compact yéu clia E
co tinh chat diém bat dong doi vdi anh xa khong gian. Cho C' la mot tap con 1oi,
déng va khdc rong cia E. Cho A: D(A) CC — 2¥ va B: D(B) C C — 2F
la cdac toan ti j-don diéu thoa man

S:=Aton B0 #0,

D(A) cCcC ﬂT>0R(I +7“A> va (B) cCcC mr>0R(I +TB)- Cho {O&n}, {ﬁn}f

va {7y} la cdc day so thuc duong théa man cdic dieu kién:
(1) limy—yeo an =0, D07y = 00.
(i) {Bn} va {} la cic day trong [e,00), vdie > 0.

Cho {x,} la day dugc xdc dinh bdi

Topt1 = Ji(anu + (1 —an)zon), n=0,1,..., (2.9)
Ton = I (w2n-1), n=1,2, ., (2.10)

trong dé u va xq la cdc phan ti bat ky trong C. Néu {xz,} la chinh qui tiém can,
thi {x,} hoi tu manh vé Qsu, vdi Qs : C — S la dnh xa co rit khong gian theo
tia tu C lén S.

Dinh 1y 2.7. Cho E la mot khong gian Banach phdn za, 16i chat vdi chuan khd
vi gateaur déu sao cho moi tap con 10i, compact yéu cia E co tinh chat diém bat
dong doi vdi dnh za khong gian. Cho C la mot tap con loi, déng va khdc rong
cia E. Cho A: D(A)c C —2F va B: D(B) C C — 2% la cic todn ti j-don
diéu thoa man

S:=Aton B0 #0,

D(A) C C C NpsoR(I +1A) va D(B) C C C NpsoR(I +7B). Cho {ay,}, {6.},

va {v,} la cdc day sé thuc duong théa man caic dieu kién:

(1) impeo o =0, D02 5y = 00.



8

(i) {Bn} va {v} la cdic day trong [e,0), vdie > 0.

Cho {x,} la day dugc xzdc dinh bdi (2.9) va (2.10). Néu {x,} la chinh qui
tiem can, thi {x,} hoi tu manh vé Qgsu, trong dé Qg : C — S la dnh xa co rit
khong gian theo tia tu C lén S.

B6 dé 2.1. Cho E la mot khong gian Banach 1oi deu. Néu cic day {ow,}, {5},
va {7y} théa man cdc dieu kién:

(1) limyyoo i =0, D07 5ty = 00;

(i) D07y lant1 — an| < oo hodac
(ii*) limy, 0 apy1/ay = 1;
)

(111 ﬁn’Z €, Tn Z o Vo1 € > 0 nao dé va ZZO:O |ﬁn+1 - ﬁn‘ < 0, Z:LO:O |7n+1 -
Yn| < OO,

khi do day {x,} xdc dinh bdi (2.9) va (2.10) la chinh qui tiém can.
Tiép theo, ta nghién cttu sy hoi tu manh cta day lap {z,} xac dinh béi

Zop41 = Ja(anf(zzn) + (1 —apn)zon), n=0,1,... (2.11)
Zon = J3 (z2n-1), n=1,2, .., (2.12)

trong d6 f : C' — C'la mot anh xa co tit C' vao chinh n6 véi he sé co lac € [0, 1).

Dinh ly 2.8. Cho E la mot khong gian Banach 10 déu vdi tinh lien tuc yéu
theo ddy ctia dnh xza doi ngau chudan tic j hodc ¢é chuan khd vi Gateaux déu.
Cho C' la mot tap con loi, déng va khdc rong cia E va cho f: C — C la dnh
za co ti C vao chinh né. Cho A: D(A) Cc C —2F va B: D(B) C C — 2F la
cac toan ti j-don diéu thoa man

S:=Aton B0 #£0,

D(A) € C C MysoR(I+71A) va D(B) C C C MesoR(I +7B). Cho {aw}, {Bn}

va {v,} la cdc day sé thue duong théa man caic dieu kién:
(1) lmy oo ay =0, Y07 @y = 005
(i) Y0 |1 — an| < 00 hodc
(ii*) limy, 0 aper/apn = 1;
)

(iii Bnooz r >0, v >r >0, vdi moi n, and >~ ;|Bns1 — Bul < 00 wva
Zn:O |'7n+1 - 7n| < 00.

Khi dé, day {z,} zdac dinh bdi (2.11) va (2.12) hoi tu manh vé phan ti z* € S
thoa man Qg f(x*) = x*.
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2.3.2. Tinh 6n dinh ctia phuong phap

Ta da biét rang néu toan tit A 1a m-j-don diéu, thi A théa man diéu kién
mién. Do d6, ta c6 két qua sau:

Dinh 1y 2.9. Cho E la mot khong gian Banach loi déu vdi tinh lién tuc yéu
theo day ciia dnh xa doi ngdu chuan tdc j hodc cé chudan khd vi Gateaus déu va
cho f: E — E la dnh za co. Cho A: E —2F va B: E — 2F la cdc todn ti
m-j-don diéu thoa man

S:=Alon B0 #£0.

Cho {an}, {Bn} va {va} la cdc day so thuc duong théa man cdic diéu kién:
(1) im0 i =0, D07yt = 005
(i) D07y lant1 — an| < oo hodac
(ii*) limy, 0 apy1/apn = 1;
)

(iii ﬁn’Z 7> 0,7, > >0, vdi moin va Yy, o |Busr1— Bl <00, D07 [Tne1—
Yol < 00.

Khi do, day {u,} zdc dinh bdi ug € E va

U2n41 = J£L<@nf(u2n) + (1 - O‘n)“?n + 6n)7 n=0,1,..,
Ugy = Jﬁ(uzn,l +e), n=12 ..,

hoi tu manh vé phan ti x* € S théa man Qs f(x*) = x*, vdi {e,} va {e,,} la cic
day sai so thoa man cac dieu kién:

(iv) S22 lleall < 00, 322 lle4 ] < oo hodic

(iv*) limy, o0 |len||/an = 0, lim,, o0 ||} || /cn = 0.

2.4. Xéap xi diém bat dong chung ctia mot ho hitu han
day anh xa gan khéng gian

Dinh 1y 2.10. Cho C la tap con loi dong khdc rong ciia khong gian Hilbert thiuc

H wvdi diam(C) < co. Cho T; = {T;,n}, i = 1,2,...,N la day cdc dnh za gan
N

khong gian tu C' vao H tuong ing vdi day {a;,} sao cho S = ﬂ Fix(T;) # 0.

1=1
ChoT;:C — H,i=1,2,..,N zdc dinh bdi T;(z) = lim T; ,(x) vdi moi x € C.

n—>

Gid st rang lim Do (Tin, T;) =0 va ﬂ Fix(T; ﬂ Fix(7;). Vi diém ban dau

n—oo
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tuy §y xo € C, xét day {x,} trong C zdc dinh bdi:

(yfl = oy + (1 — an)Tip(xy), i=1,2,.., N,

Cl = {Z e C: |yt —2|* < |lzn — 2||* + (2diam(C) + Qi) @in}s
Cp = ﬂ (2.13)

{ZGC (xn, — 2,00 — ) > 0},

\fl?n+1 = Pe.nq.(z0), n >0,

hodc

7\

(Yl = anty + (1 — ) Tip(x,), i=1,2,..., N,

Chon i, € argmaX{Hy% - fL’nH}»

1=1,2,...,

Yy = yfznv (2'14)

Cpn={2€C:|y, —z|I* < ||lzn — 2||* + (2diam(C) + a;, 1) @i, n},
={zeC: (v, — 2,20 —xy) > 0},

| Zni1 = Po,ng. (o), n >0,

trong do 0 < ay, < o < 1. Khi dé, day {x,} hoi tu manh tdi Ps(x).

Dinh 1y 2.11. Cho C, T; = {T;,}, T; vdii = 1,2,..., N dudc gid thiét tuong tu
nhu trong Dinh li 2.10. Vi diém ban dau tuy o o € C, zét day {x,} trong C

zac

dinh boi:

(Cy = C,

Yl = T, + (1 —ay)Tn(zn), i=1,2,...,N,
Cl={z 6 Ch: |yl — 2II? < |lan — 2)* + (2diam(C) + a; ) ain}

(2.15)
n+1 ﬂ
\xn—&—l PC'n+1( ) n = O’
hodac
fCO = CJ
y;iz = apZy + (1 - O‘n)Ti,nxm 1= 17 27 L N’
Chon 1,, € argmaX{Hyﬁl — x|},
{ ‘ 1=1,2,...,
Un = Yn's
Curr = {2 € Cut 10— 2| < llr — =l + (2iam(C) + ay, )a, o}
\xn—i—l - pC'n+1 ($0)7 n = O’
(2.16)

trong do 0 < ay, < a < 1. Khi do, day {x,} hoi tu manh tdi Ps(x).
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Chuong 3
XAp xi nghiém ctia bai toan khong diém chung tach
trong khong gian Banach

Trong chuong nay, dé tai tap trung trinh bay cac két qua vé phuong phap
lap song song cho bai toan khong diém chung tach trong khong gian Banach

3.1. Su hoéi tu ciia phuong phap lap song song

Cho E va F la cac khong gian Banach 161 déu va tron va cho Jg, Jr 1 céc
anh xa d6i ngdu chuan tic trén E va F, tuong tng. Cho A4;, i = 1,2,..., N va
Bj, j=1,2,..., M la cac toan tit don di¢u cuc dai tt £ vao 2E" va F vao 217,
tuong ting. Cho J§ va @/, 1a cac toan tit gidi métric clia A; v6i A > 0 va Bj véi
p > 0, tuong ting. Cho T': E — F 1a mot toan tit tuyén tinh bi chin sao cho

N * 1N - ERE EPN 2 3 ? N —1 — M —1
g # 0 va T* 1a toan tit lien hop clia T'. Gia sit S = ML, A7 0NT~H(N}L, B;10) #

Xét bal toan sau:
Tim mot phan ti 2* € S. (3.1)

Dé giai Bai toan (3.1), ta xay dung phuong phap lap sau:
Cho z; € E va {z,} la day dugc xéc dinh béi
Zjin = Ty — rnJET*(JF(Txn — Qfmen)), j=1,2,..., M,

Chon jy, sao cho ||z, n — @pl| = max |lzjn — x|, dat 2, = zj, n,

l' .
Yim = Iy 2n, 1 =1,2,..., N,

ChOH Z'n sao cho ||yin,n - Zn” = Inax Hyz,n - Zn”a dét YUn = Yin,ns (32)

=1,...

Cho={z€E: (x,—z,Jp(ry,— z4)) > || Tx, — QZL’;T:E”HQ},
Dn:{ZGE: <yn_za=]E(zn_yn>> 20}7

Qn=12€E: (x, — 2z Jp(ry —x,)) > 0},

Tpt1 = PCmDannl'h n>1,

trong d6 {\,}, {ptn} C (0,00) v& a,b € R thda man cc bat dang thitc sau:
O0<a<r, and 0 <b< A\, fn, Vn € N.

Trude hét, ta cé cac bo dé sau: Sy hoi tu manh ctia phuong phap lap (3.2) duge
cho béi dinh ly sau:

Dinh ly 3.1. Day {,} xdc dinh bdi (3.2) hoi tu manh vé mot phan ti zg € S,
trong do zy = Psxy.
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3.2. Ij’ng dung

3.2.1. Bai toan diém cuc tiéu tach

3.2.2. Bai toan chip nhan tach
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Chuong 4
Piém bat dong chung ctia anh xa Bregman khong
gian manh

Trong chuong nay, ching toi dé cap dén hai phuong phap lap song song dua
trén phuong phap lai chiéu va phuong phap chiéu co hep cho bai toan tim diém
bat dong chung ctia mot ho hit han toan tit Bregman khong gian manh trong
khong gian Banach phin xa cung véi mot s6 ting dung cho cic bai toan lién
quan (bai todn chap nhan 16i, bai toan tim khong diém chung clia céc toan ti
don diéu cyc dai, bai toan can bang, bai todn bat dang thiic bién phan).

4.1. Phuong phap lap song song

Cho X la mot khong gian Banach phan xa va cho T; : X — X, i =
1,2.,...,N, 1a N todn tit BSNE véi F(T}) = F(T}) véi moi i € {1,2,...N} va
F=nN,F(T;) # 0. Cho f: X — R 1a mot ham Legendre bi chin, kha vi
Fréchet déu va 161 hoan toan trén cac tap con bi chan ctia X.

Dinh 1y 4.1. Cho {x,} la day dugc xdc dinh bdi

(yi = Tizn, i=1,2,..., N,
i i= argmax;_y o N{Dr(Yh, 20)}s Uy = Uit
{Cn={2€X: Dy(z,7,) < Df(z,xn)}, (4.1)
Qn={z€ X : (V[f(®0) = V[f(2n), 2 — xn) <0},
\xn—&-l - pI‘Ojéann (:EO)?

Khi dé, day {x,} hoi tu manh vé projh.(xzo) khin — 4o0.
Dinh ly 4.2. Vdi moi xp € X, day {x,} xzdc dinh bdi

(Cy = X,
y;z — nxnv Z — 1727 "‘7N7
in 1= argmaxi:l,Q,...7N{Df(y:w Tn)ts Un = Y, (4.2)

C’n—i-l - {Z c Cn : Df(zayn) S Df(Z,.Tn)},

Tni1 = Projg, ,, (%0),

\

hoi tu manh vé proj?(:co) khi n — 400.

4.2. Ung dung

4.2.1. Bai toan chap nhan l6i

Dinh 1y 4.3. Cho C;, i = 1,2,...,N la N tap con loi, déng va khdc rong cia
X, sao cho C =N, C; #0. Cho f: X — R la ham Legendre bi chan, khd
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vi Fréchet déu va 1oi hoan toan trén cdc tap con bi chan cia X. Khi do, vdi
moi xg € X, day {x,} zdc dinh bdi (4.1) hodc (4.2) vdi T; = projéi vdi moi
i=1,2,....N, hoi tu manh vé projé(azo), khi n — +oo.

4.2.2. Khéng diém chung ctia cic toan ti don diéu cuc dai

Dinh 1y 4.4. Cho A; : X — 2X i =1,2,...,N la N todn ti don dieu cuc
dat sao cho F = ﬂlNzlAi_lO # (. Cho f: X — R la ham Legendre bi chan,
khd vi Fréchet deu va loi hoan toan trén cdc tdp con bi chan cia X. Khi do,
vdi moi xg € X, day {x,} xdc dinh bdi (4.1) hodc (4.2) vdi T; = Resf;i vdi Mot

i=1,2,....N, hoi tu manh vé projf;(xg), khi n — +o0.

4.2.3. Bai toan can bang

Dinh 1y 4.5. Cho C;, i =1,2,...,N la N tap con loi, dong va khdc rong cia X .
chogi: CixC; — R, i=1,2,...,N la N song ham théa man cdic dieu kién
C1-C4 sao cho S = NY EP(g;) # 0. Cho f: X — R la mot ham Legendre,
bide, bi chan, khd vi Fréchet déu va 101 hoan toan trén cdc tap con bi chan cia X .
Khi d6, vdi méi o € X, day {z,} zdc dinh bdi (4.1) hogc (4.2) vdi T; = Res],
vdi moi i = 1,2,..., N, hoi tu manh vé projg(xo), khi n — +o00.

4.2.4. Khong diém chung ctia cac toan ti Bregman ngudc don diéu
manh

Ta gid stt ham Legendre f théa man diéu kién mién sau:
ran (\Vf — A) Cran (7 f). (4.3)

Dinh 1y 4.6. Cho C;, i =1,2,....N la N la cdc tap con 1o, dong va khdc rong
ctia X sao cho C =N, C; #0. Cho A; : X — 2X" i=1,2,..,N la N toin
tit BISM sao cho C; C domA; va S = NN, A;71(0) #0. Cho f: X — R la mot
ham Legendre, bi chan, khd vi Fréchet déu va loi hoan toan trén cdc tap con bi
chin cia X. Gid st dieu kien mién (4.3) dugc théa man vdi moi A;. Khi do,
vdi moi xy € X, day {x,} zdc dinh bdi (4.1) hodac (4.2) vdi T; = Azf vdi moi
i=1,2,...., N, hoi tu manh vé projé(azo), khi n — +oo.

4.2.5. BAat dang thic bién phan

Dinh 1y 4.7. Cho C;, i =1,2,...., N la N la cdc tap con loi, dong va khdc rong
ctia X sao cho C =NN¥,C; #0. Cho A;: X — X*, i=1,2,....N la N todn
it BISM sao cho C; C domA; va S = NN VI(C;, A;)) # 0. Cho f: X — R
la mot ham Legendre, bi chin, khd vi Fréchet déu va loi hoan toan trén cdc tap
con b chan cia X. Gid s dieu kién mien (4.3) dugc théa man vdi méi A;. Khi
dé, vdi moi xg € X, day {x,} zdc dinh bdi (4.1) hodgc (4.2) vdi T; = A‘Zf vdi moi

i=1,2,...,N, hoi tu manh vé projg(xo), khi n — +o0.
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4.3. Hé bai toan can bang hdn hdp tong quat

Cho C;, i = 1,2,..., N la cac tap con 16i, dong va khac rong cia X. Cho
f: X — R 13 ham Legendre btic, bi chin, kha vi Fréchet déu va 16i hoan toan
trén cac tap con bi chan ctia X. Gid st ©; : C; x C; — R théa man cac dicu
kien C1)-C4), ¢; : C; — R 1a cac ham 16i nita lien tuc dudi tir C; vao R va
v, : (5 — X" 1a cac toan tit don diéu, lién tuc, véi moi i = 1,2, ..., N. Gia su
rang F = NY, GMEP(0;,¢;, V) # 0.

Chiing toi da thu dugc cac két qua dudi day:

Dinh ly 4.8. Vdi moi xy € X, day {x,} xzdc dinh bdi

(yfl = Reséi’%% Tp, 1=1,2,...; N,

in = argmaxiZl,Q,...7N{Df(y7Zw xn)}v yn = y}f)

Cn={2z€ X: Df(2,5,) < Dy(z,20)}, (4.4)
Qn={z € X : (Vf(20) = V/f(2n),z — xn) <O},

( Tnt1 = projéann(xo), n=>0

hoi tu manh vé proj?(mo) khi n — 400.

Dinh 1y 4.9. Vdi moi xo € X, day {x,} xdc dinh bdi

(Cy = X,

ny:Resé g Tny ©=1,2,.., N,

iyPis ¥4 X .
g In = argmaxi:l,Q,...7N{Df(yvzw o)}, Un = Y (4.5)
Cht1={2€Cy: Ds(z,73,) < Ds(z,x,)},

| 741 = projl,.,, (x0),

hoi tu manh vé proj?(mo) khi n — 400.

Dinh 1y 4.10. V&i moi xg € X, day {x,} zdc dinh bdi

(QO = X7

yi, = Res}, x,, i=1,2,...,N,

04, Vi ! .
q in = argmax;_y o N{Df(Vn Tn)ts Yo = U (4.6)
Qn-l—l = {Z € Qn : <Vf(xn) - Vf(yn>7z - yn> < 0}7

| 20s = proff, (o)

hoi tu manh vé proj?(mo) khi n — 400.



Két luan

Trong dé tai, chiing tdi da dat dudc mot sb6 két qua co ban sau:

Trinh bay mot s6 van dé co ban vé cau tric hinh hoc ctia khong gian
Banach; mot s6 phuong phép lap dé xap xi khong diém ctlia toan ti j-don
diéu (phuong phép diém gan ke, phuong phap lap kicu Halpern va phuong
phap xap xi mém);

Dé xuat phuong phap lai ghép xap xi khong diém ctia mot toan tit m-j-don
diéu;

Trinh bay két qua dat dugc ciia dé tai vé phuong phap lap luan phién két
hop véi phuong phap xap xi mém va phuong phap prox-Tikhonov cho bai
toan tim khong diém chung ciia hai toén tit j-don dicéu trong khong gian
Banach;

Dé xuét cac phuong phap lap song song cho bai toan tim diém bat dong
chung ctia mot ho hitu han day anh xa gan khong gian trong khong gian
Hilbert;

Phuong phép lap song song cho bai toan khong diém chung tach trong
khong gian Banach;

Trinh bay hai phuong phap lip song song cho bai toan tim diém bat dong
chung ctia mot ho hitu han toan tit Bregman khong gian manh va hé bai
toan can bang hén hop tong quat trong khong gian Banach phan xa;

Dua ra mot s6 ing dung clia cac két qua thu dude cho cac bai toan lién
quan, cing véi dé 1a mot s6 vi du don gidn nham minh hoa thém cho cac
phuong phap.



