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0.1. Tinh cap thiét cta deé tai

Cho H la khong gian Hilbert thyc va C' 1a tap con 16i dong khac rong clia
H.Cho F : H — H la anh xa xac dinh trén H. Mo hinh bai todn bat dang

thitc bién phan co dién c6 dang:
Tim z, € C sao cho: (F(z.),z —x,) >0, VzeC, (0.1)

Bai todn bat dang thiic bién phan (0.1) da duge dé xuat vio nhitng nam
dau ctia thap nién 60 thé ki XX, gan lién v6i nhitng nghién citu ctia Lions,
Stampacchia va cong su [28], [39], [40]. Tt d6 dén nay, bat dang thic bién
phan luon 14 mot chiit dé nghién citu mang tinh thoi sy. Bai toan da thu hat
duge nhieu nha khoa hoc quan tam nghién cttu béi bai toan nay bao ham
nhidu bai toan If thuyét nhu: bai toan cuc tri [34], [63]; bai toan diém bat
dong [1], [34]; bai toan can bang [22], [23], [35]; bai toan bu [21], [34]; phuong
trinh v6i toan tit don diéu [2]; bai toan bién c¢6 dang ctia phuong trinh dao
ham rieng [5], [34] ... va nhiéu bai todn thyc tién nhu: bai toan khoi phuc
tin hieu [20]; bai toan phan phdi bang thong [29], [31], [32]; kiém soat ning
luong trong hé thong mang CDMA [30] va ki thuat xu Ii tin hiéu bang tan
[50] ... Vithé bai toan nay 1a mot cong cu manh va thong nhat trong nghien
cttu nhiéu mo hinh bai toan li thuyét va tng dung thuc té.

Dé c6 thé tng dung bai toan bat ding thic bién phan vao thuc tién,
ching ta can xay dung nhitng phuong phap gidi s6 hieu qua cho bai toan
nay. Vi lé d6, mot trong nhitng huéng nghién cttu quan trong hién nay danh
dude st quan tam ciia nhiéu nha toan hoc trong va ngoai nude doé la viec deé

xuat cac phuong phap méi tim nghiém ctia bai toan (0.1) hofic cai tién hicu
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qué ciia nhiéu phuong phap da c6. Cho dén nay ngudi ta da thiét lap ducc
nhiéu ki thuat giai bat ding thic bién phan dya trén phuong phap chiéu ctia
Goldstein [24], Polyak [25], [38], [46], phuong phap diém gan ké ctia Martinet
[42], Rokaffellar [47], nguyén ly bai toan phu ctia Cohen [17], phuong phap
hiéu chinh dang Browder-Tikhonov [7], [55], phuong phap diém gan ké hiéu
chinh ctia Lehdili va Moudafi [37], Ryazantseva [48] va phuong phap diém
gan ké quan tinh do Alvarez va Attouch [3] dé xuat hodc dya trén mot s6
ki thuat tim diém bat dong nhu phuong phap lap Krasnosel’skii-Mann [36],
[43], phuong phéap lap Halpern [27] va phuong phap xap xi mém [44].

Mzt khac, nhiéu bai toan thuoc linh viyc cong nghé truyén thong hién
dai da dé cap & trén c6 thé quy vé mo hinh bai toan (0.1) v6i C duge cho
dudi dang an 1 tap diém bat dong chung ctia mot ho cac anh xa khong gian
T; (i € Z), 6 day Z 1a tap chi s6 ndo d6. Khi d6, mot van dé dit ra l1a xac dinh
phuong phéap lap xap xi nghiém cho bai toan (0.1) nhu thé nao néu ching
ta c6 dang hién clia cac anh xa khong gian 7;? Xuat phat tit ¥ tudng nay,
nam 2001, Yamada [61] da xay duyng phuong phap lai ghép dudng doc nhat
ma phuong phép nay hoi tu manh vé mot thanh phan nim trong tap diém
bat dong chung ctia ho hitu han cac 4nh xa khong gian dong thoi thoa man
la nghiém ctia bai toan (0.1). T d6 dén nay, da c6 nhiéu cong trinh nghién
cttu nham md rong hodc cai tién phuong phap ctia Yamada theo nhiéu huéng
khac nhau. Chang han, theo huéng lam gidm nhe diéu kién dat lén day tham
s6 1ap [9], [59], [64] hodc m& rong cho bai toan trong nhitng trudng hgp phric
tap hon, ching han nhu khi C la tap diém bat dong chung ctia mot ho vo
han cac anh xa khong gian [33], [57], [62] hoac nghién citu md rong tit khong
gian Hilbert H t6i 16p khong gian Banach F [10], [11], [15], [19] ...

C6 thé khang dinh ring, bai toan bat ding thitc bién phan da va dang dudc
nhiéu nha toan hoc trong va ngoai nuéc quan tam nghién citu theo nhiéu con
duong tiép can khac nhau nham xay dung cac phuong phéap giai hitu hieu dé
c6 thé ting dung trong thuc tién. Viec dé xuat méi va xay dung cac phuong
phap giai bat dang thic bién phan 14 mot van dé duge nay sinh mot cach tu
nhién va can thiét dé lam phong phi va hoan thién thém cho 1y thuyét vé bai

toan quan trong nay. Vi nhiing li do da phan tich 6 trén, chiing t6i liya chon
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dé tai nghién ctu la "Phuong phap lip hién giai bat diang thidc bién

phan véi toan t loai don diéu".
0.2. Muc tiéu ctia dé tai

Muc tiéu ctia dé tai 1a nghién cttu dé xuat cac phuong phap lip dang hién
xap xi nghiém cho mot 16p bai toan bat dang thic bién phan. Cu theé:

1. Xay dung cac phuong phap lip dang hién mdéi xap xi nghiem cho 16p
bai toan nghién citu ¢6 cau tric don gidn va co thé tinh todn song song dudc.
Dua ra diéu kién va chitng minh sy hoi tu clia cac phuong phap.

2. Xay dung céc vi du s6 cu thé minh hoa va tuong quan véi mot sé phuong
phap da co.

3. Ung dung xap xi nghiem cho bai toan cuc tri 16i.
0.3. Noi dung nghién citu ctia deé tai

Bao cao tong két dé tai gdm phan mdé dau, hai chuong, két luan va tai lieu
tham khao.

Chuong 1 gidi thieu so luge vé mot s6 van de lien quan dén cau tric hinh
hoc ctia cac khong gian Banach, 16p bai toan nghién citu, mot s6 ménh dé
va bo dé can st dung cho viéc ching minh céc két qua nghién ctu dat dugc.
Dong thoi trinh bay phuong phéap lip kiéu Krasnosel’skii-Mann dudng déc
nhat xap xi nghiém cho mot 16p bai toan nghién ctiu. Bén canh d6 trinh bay
phuong phap chiéu lai ghép va chiéu co hep dé gidi bai toan tim diem bat
dong chung ctia mot ho hitu han cac anh xa khong gian trong khong gian
Hilbert thic cling cac ting dung trong viéc xap xi nghiém cho bai toan hé bat
déng thic bién phan don dieu.

Chuong 2 trinh bay ba phuong phap lai ghép duong déc nhat xap xi nghiem
cho 16p bai toan nghién citu trén khong gian Banach phan xa thuc, 16i chét
va c6 chuan kha vi Gateaux déu. Bén canh do, trinh bay céac vi du s6 cu thé

minh hoa va tng dung trong bai toan tim cuc tri cia ham 1oi.



Chuong 1
Phuong phap lai ghép dudng dbc

nhat, chiéu lai ghép va chiéu co hep

Trong chuong nay, chiing toi nghién cttu phuong phap lai ghép duong doc
nhat xap xi nghiém cho maot 16p bai toan bat dang thitc bién phan trén tap
diém bat dong ctia anh xa khong gidn trong khong gian Banach. Bén canh
d6, nghién cttu phuong phap chiéu lai ghép va phuong phap chiéu co hep tim
diém bat dong chung ctia mot ho hitu han cac anh xa gan khong gian trong
khong gian Hilbert thuc. Dong thoi ap dung cac két qua nghién cttu mdi theo
huéng nay xap xi nghiém cho bai todn hé bat dang thic bién phan véi cac
toan tit don diéu.

1.1. Khoéng gian Banach va giéi han Banach
Cho E 1a khong gian Banach thyc, E* va E** tuong ting 13 khong gian déi
ngau va khong gian lién hgp thit hai ctia E.
Dinh nghia 1.1. Khong gian Banach E dugc goi 1 phdn za néu véi moi
phan tit 2** € E** déu ton tai phan ti x € F sao cho
(x,2") = (2", ™) Vza* e E".

Meénh dé 1.1. (Dinh 1i 1.9.26, trang 42, [1])
Cho E la mot khong gian Banach thuc. Khi do, E la khong gian phdn za

khi va chi khi moi day bi chin trong E déu cé day con hoi tu yéu.

Dinh nghia 1.2. Khong gian Banach E dudc goi 1a 107 déu néu véi moi
0 < € < 2 va cac bat dang thic ||z]] < 1,]|y|| < 1, ||z — y|| > € thda man thi



ton tai mot s6 § = d(e) > 0 sao cho
Iz +y)/2 <1 =9

Dinh nghia 1.3. Khong gian Banach E dugc goi 1a 107 chdt néu véi moi
diém z,y € Sg, v # y thi

[(1T—=Nz+My|| <1 VAe(0,1),
trong d6 Sg = {z € F : ||z|| = 1} 14 m&t cau don vi ctia E.

Meénh dé 1.2. (Dinh i 1.6, trang 3, [18])

Moi khong gian Banach 1oi déu la 16i chat.

Ménh dé 1.3. (Dinh li 2.2.8, trang 56, [1] hodc Dinh 1i 1.17, trang 8, [18])
Moi khong gian Banach loi déu la khong gian phdn za.

Ménh dé 1.4. (He qua 2.10.3 va Dinh 1f 2.10.4, trang 116, [1])
Cho C' la tap con 101 dong khdc mong cia khong gian Banach phdn za va 10
chat E. Khi dé, vdi méi x € E ton tai duy nhat mot diém y € C théa man

[ = yll = d(z, C),
vdi d(z,C) = inf ||z — z||.
zeC

Chu y 1.1. Diém y € C trong Ménh dé 1.4 con dudc goi la zdp zi tot nhat
cuia x € E bdi C.

Dinh nghia 1.4. Cho C la tap con 16i déng khac réng ciia khong gian Banach
phan xa F. Anh xa Po: E — 29 xéc dinh béi

Po(x) = {yGC’: |z —yl|| = d(z,C) VxEE}

duodc goi 1a phép chié¢u métric tit E len C.

Dinh nghia 1.5. Tap con C' cta khong gian Banach E dugce goi la tap
Chebyshev trong E néu mdi diem = € E ¢6 duy nhat mot diem y € C' 14 xap

x1 tot nhat cua z.

Nhan xét 1.1.
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i) Tt Ménh dé 1.4 suy ra moi tap con 16i déng khac rong ctia mot khong gian
Banach phan xa va 16i chat déu 1a tap Chebyshev.
ii) V6i moi tap Chebyshev C' C E, ta ¢c6 Po(x) 1a tap chi gom mot phan ti.
Hon ntta, ||x — Po(z)|| = d(x,C) v6i moi x € E.
Nhan xét 1.2. Py la anh xa khong gian.
Dinh nghia 1.6. Mot anh xa J : £ — 2F" (néi chung la da tri) thda man
dieu kién

J(z) ={a" € E": (z,2") = [l[[[|lz"[| va |lz"[| = [|=]]},
dudc goi 1a dnh za doi ngau chudn tic cia E.

Chua y 1.2. Anh xa J ton tai tren moi khong gian Banach. Khang dinh nay
duge suy ra nhu mot he qué tryc tiép ctia Dinh i Hahn-Banach (Nhan xét
4.2, trang 25, [16] hosic B6 dé 3.4, trang 20, [18]). Trong truong hop anh xa
do6i ngau chuan tic 1a don tri ta sé ki hieu 1a ;.

Nhan xét 1.3. Trong khong gian Hilbert H anh xa d6i ngdu chuan tic J

cua H la anh xa don vi 1.
Mot s6 tinh chat co ban ctia anh xa déi ngAu chuan tic duge trinh bay
trong ménh dé dudi day.
Ménh dé 1.5. (Ménh dé 2.4.5, trang 69, [1])
Cho E la khong gian Banach thuc va J : E — 2" la dnh za doi ngau
chuan tic cia E. Khi do, ta co cac kh(fng dinh sau:
i) J(0) = {0}.
i) Véi moi x € E, J(x) la tap loi déng bi chan va khdc rong.
iii) J(Ax) = AJ(x) vdi moi x € E va A € R.
iy Néu E* la khong gian loi chat thi J la dnh za don tri.
Dinh nghia 1.7. Chuan ctia E dudc goi 1a khd vi Gateaux tai diém xo € Sk
néu v6i moéi y € Sg gidi han sau

oo+t —
t—0 t ’
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ton tai va ki hieu 1a (y, V||xol|). Khi d6, V||zo|| dugc goi la gradient cia
chuan ||z|| tai z = xg. Chuan ctia £ dugc goi 1a khd vi Gateauz néu n6 kha vi
Gateaux tai moi diem ctia Sp. Chuan cta E dudc goi 1a khd vi Gateaur déu

néu véi moéi y € Sg gidi han trén ton tai déu theo z € Sg.
Dinh nghia 1.8. Khong gian Banach E dudc goi 1a tron néu véi méi € Sg
ton tai duy nhat mot phiém ham z* € E* sao cho (x,2*) = ||z| va ||z*]| = 1.

Meénh dé 1.6. (Dinh 1i 2.6.6, trang 92, [1])
Khong gian Banach E tron khi va chi khi chuan cia E la khd vi Gateaux
tren E\{0}.

Ménh dé 1.7. [15]
Cho E la khong gian Banach tron. Khi do, ta cé
I2]1* + 2(y. (=) < llz +yl* < [l=]* + 2y, 5(z +y))
vdi mot x,y € I.

Ménh dé 1.8. (He qua 2.6.9, trang 93, [1])
Cho E la khong gian Banach va J la dnh za doi ngdu chuan tdc. Khi do,
cdc khdang dinh sau tuong duong:

i) E la khong gian tron.
i) J la don tri.
i1) Chudn cia E la kha vi Gateaus vdi V||z|| = ||=|| =1 J(z).
Do tron ctia khéng gian Banach E con dude biéu dién qua moé dun tron.

Dinh nghia 1.9. Cho E la khong gian Banach. Ham pp : R, — R, dugc
goi 1a mo dun tron cia E néu
|z +yll + [lz —yll
pe(t) = sup{ 1A=y g =

_ { |z + tyl| + [z — ty||
= sup 5 —

L: 2] = [y :1}, L>0.

Tinh tron déu va g-tron déu (¢ > 1) ctia khong gian Banach dugc dinh

nghia thong qua mé dun tron nhu sau.
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Dinh nghia 1.10. Khong gian Banach E dugc goi 1a tron déu néu

lim pE(t)
t—0 ¢

= 0.
Meénh dé 1.9. (Dinh 1i 2.8.3, trang 98 v& Dinh Ii 2.8.6, trang 99, [1])

Moi khong gian Banach tron déu la khong gian tron va phdn za.
Dinh nghia 1.11. Vé6i ¢ > 1, khong gian Banach E dudgc goi la khong gian
q-tron déu néu ton tai hang s6 5 > 0 sao cho
Chu y 1.3. Néu E la khong gian Banach ¢-tron déu (trang 52, [18]) thi luon
ton tai hang s6 d, > 0 thoa man

2+ yll* < [l + q{y, Jg(2)) + dollyll* Y,y € E,

trong d6 j,(z) = ||z||?"2%j(x). Khi d6, khong gian Banach F con dugc goi la
khong gian khong gian Banach q-tron déu vdi hang so d,.

Mbi lien heé gitta tinh tron va 16i chat, tinh tron déu va 16i déu cia E véi

khong gian déi ngdu E* ctia né dudce phat biéu trong cdc ménh dé sau.

Ménh dé 1.10. (Dinh If 2.6.5, trang 92, [1])
Cho E la khong gian Banach phdn za. Khi dé, ta c¢6 cdc khing dinh sau:

i) E la khong gian tron khi va chi khi E* la khong gian 101 chat.
i) E la khong gian 101 chat khi va chi khi E* la khong gian tron.

Ménh dé 1.11. (Dinh li 2.8.4, trang 98 va Dinh 1i 2.8.5, trang 99, [1])
Cho E la khong gian Banach. Khi dé, Khi dé, ta cé cdic khang dinh sau:

i) E* la khong gian 10i deu khi va chi khi E la khong gian tron deéu.
i) E la khong gian loi déu khi va chi khi E* la khong gian tron deéu.
Dinh nghia 1.12. Anh xa déi ngéu chudn tic j : E — E* dudc goi la
i) lién tuc yéu theo day néu v6i moi day {x;} hoi tu yéu t6i diém x thi j(z)
hoi tu téi j(z) theo topo yéu* trong E*.
ii) lién tuc manh-yéu* néu véi moi day {x;} hoi tu manh t6i diem z thi j(zy)

hoi tu téi j(z) theo topo yéu* trong E*.
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Meénh dé 1.12. (Ménh dé 5.13, trang 51, [18])
Néu khong gian Banach E ¢6 chudn khd vi Gateaur déu thi dnh za doi
ngau chuan tic j : E — E* lién tuc déu manh-yéu* trén cdc tap con bi chan

cua E.

Tiép theo, ching toi trinh bay mot sd két qua co ban vé gidi han Banach.

Xét khong gian cac day s6 bi chan

[*:={a= (al,ag,...,ak,...):st;p]ak| < o0}

Ki hieu py(arm) thay cho p(amst, Gmio, - .- Gmak, ... ) v6i m € N.
Dinh nghia 1.13. Phiém ham g : [*® — R dudc goi 1a gidi han Banach néu
théa man
i) p 1a tuyén tinh lién tuc,
i) [Jp|| = w1, 1,...,1,...) =1,
iii) pg(aps1) = px(ag) voi moéi (ay, a, ..., ak,...) € 1%,
Sy ton tai clia gi6i han Banach duge ddm bao nhd Dinh 1i Hahn-Banach.

Ménh dé 1.13. (Dinh If 2.9.4, trang 109, [1])

Luon ton tai phiém ham tuyén tinh lién tuc u trén khong gian I1*° sao cho
|l = pe(1) =1 va pg(ars1) = pr(ar) vdi moi (ay,as, ..., ag,...) € 1.

Mot vai tinh chat quan trong ciia giéi han Banach dugc phat biéu trong
cac ménh dé dudi day.
Ménh dé 1.14. (Menh dé 2.9.5, trang 110, [1])

Cho p la gidi han Banach. Khi do

liminf a; < pg(ax) < limsup ay,
k—o0 k—o00

vdi moéi a = (ay,as,...) € I®. Hon nita, néu a — xo thi ug(ag) = p(a) = xo.

Nhan xét 1.4. Néua = (ay,as,...) €1°,b = (by,bs,...) € [*® vaa,—b, — 0
thi o, (ar) = pr(br).
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Ménh dé 1.15. [53]

Gid st E la khong gian Banach ¢é chuan khd vi Gateaur déu va C la tap
con 10i déng khdc rong ciia E. Cho {z}} C E la mot day bi chan, z € C va
i la giot han Banach. Khi do,

pellze — 27 = min py [y — ul)®
ueC
khi va chi khi pp(u — z, j(xp — 2)) < 0 vdi moiu € C.
1.2. Anh xa lién tuc Lipschitz va anh xa j-don diéu

Trong phan nay, ching toi trinh bay mot s6 khai niem vé anh xa lién tuc
L-Lipschitz, 4nh xa loai j-don diéu va anh xa ~-gid co chat. Mot s6 két qua
lien quan ciing dugc giéi thiéu cu the.

Dinh nghia 1.14. Cho C la tap con khac rong cuia khong gian Banach E.
i) Anh xa T : C — E dudc goi 1a anh xa lién tuc L-Lipschitz néu ton tai
hing s6 L > 0 sao cho

|Tx —Ty|| < L||lz —y|| Va,y € C. (1.1)
ii) Trong (1.1), néu L € [0,1) thi T dugc goi la anh xa co; néu L =1 thi T
duge goi la anh xa khong gian.

Ménh dé 1.16. (Dinh 1i 5.2.7, trang 232, [1])
Cho C' la tap con 101 trong khong gian Banach loi chat E va T : C — E la

anh xa khong gian. Khi dé néu tap diém bat dong
Fix(T) :={z e C:T(z) =z}
ctia dnh za T la khdc rong thi né la tap loi.

Chu y 1.4. Do tinh lién tuc ctia anh xa khong gian 7" nén tap Fix(7T) luon
la tap dong.

Hé qua 1.1. (Hé qua 5.2.9, trang 233, [1])
Cho C' la tap con loi déng khdc rong trong khong gian Banach 103 chat E
vaT :C — E la dnh xa khong gian. Khi dé, Fix(T) la tap loi dong.
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Dinh nghia 1.15. Cho E la khong gian Banach. Anh xa F : E — E v6i
mien xac dinh D(F) duge goi 1a
i) j-don diéu néu v6i moi x,y € D(F), ton tai j(x —y) € J(x — y) sao cho

(F(x) = F(y),j(x —y)) > 0.

ii) j-don diéu manh vdi hé s6 n néu v6i moi z,y € D(F), ton tai hang s6

n>0vajlx—y) € J(x—y)sao cho

(F(a) = Fy), j(z —y)) = nllz -yl

iii) j-don diéu manh ngugc vdi hé s6 o néu véi moi z,y € D(F), ton tai hing

$6 a > 0 va j(z —y) € J(z — y) sao cho

(F(z) = Fy), j(x —y)) = ol F(z) = F(y)|*

iv) j-don diéu cuc dginéu F 13 anh xa j-don dieu va R(rF + I) = E v6i moi
r > 0.

Cha y 1.5. Néu E 1a khong gian Hilbert thi cac khai niem j-don dieu va
j-don diéu manh vé6i hé s6 n tuong tng tring véi khai niém anh xa don diéu

va anh xa n-don diéu manh.

Dinh nghia 1.16. Cho E la khong gian Banach. Anh xa F : E — E v6i mién
xac dinh D(F') dugc goi 1a y-gid co chdt (theo nghia Browder va Petryshyn
[18]) néu v6i moi z,y € D(F), ton tai hing s6 v > 0 va j(z —y) € J(z —y)

sao cho

(F(z) = F(y),j(x =) < e = yI* =yI(I = F)() - (I - F)(y)l>

Ménh dé 1.17. [15]
Cho E la khong gian Banach tron va F : E — E la dnh za j-don diéu
manh vdi hé s6 1 va y-gid co chdt vdin+ v > 1. Khi dé,
i) Véi moi A € (0,1), I — AF la dnh Ta co vdi hé s6 co 1 — A1, trong dé
T=1-+/(1=n)/ye(01)

i) Anh za I — F la dnh za co vdi hé s6 co (1—=n)/y.
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1.3. Mot 16p bai toan bat ding thic bién phan
1.3.1 Mo hinh bai toan
Cho E la khong gian Banach phan xa thuc, 16i chat va c6 chuan kha vi
Gateaux déu. Cho F' : E — E 1a anh xa j-don diéu manh vé6i he s6 n va y-gia
co chat voi n+~ > 1. Gid st {T;} 12 ho vo han dém dugc cic anh xa khong
o0
gian trén E véi C := ﬂ Fix(T;) # 0, trong d6 Fix(T;) :== {z € £ : Tj(x) = x}

i=1
la tap diém bat dong ctia &nh xa T;.

L6p bai toan bat dang thiic bién phan, ki hieu 1a VIP*(F,C), dugc phat

biéu nhu sau:
Tim z, € C sao cho:  (F(z),j(z —x.)) >0, VzeCl, (1.2)

trong d6 j 14 4nh xa ddi ngdu chuan tic ctia E. Diém z, € C thoéa méan (1.2)
dugce goi 1a nghiém clia bai toan VIP*(F,C'). Tap tat ci cac nghiém ciia bai
toan VIP*(F, C') dugc ki hiéu la Sol(VIP*(F, C)).

Chu y 1.6. Bai toan (1.2) da dugc Aoyama va cac cong su [4] dé xuat lan
dau vao nam 2006 va cac tac gid cling da chi ra bai toan nay c6 lien hé véi
nhiéu bai toan nhu bai toan diem bat dong ctia &nh xa phi tuyén, bai toan

xac dinh khong diém ciia toan tit j-don dieu.

Nhan xét 1.5. Khi E 1a khong gian Hilbert H thi bai toan (1.2) tré thanh
bai toan bat dang thitc bién phan (0.1) da dé cap dén trong phan md dau.
Trong trudng hgp nay ta ki hiéu bai toan la VIP(F, C') va tap nghiém tuong
tng 1a Sol(VIP(F, C)).

Nhan xét 1.6. Néu F': £ — E la anh xa j-don diéu manh véi hé s6 n > 0
thi nghiém néu c6 ciia bai toan VIP*(F, C') 1a duy nhat.

1.3.2 Phuong phap lai ghép dudng déc nhét

Nam 2001, Yamada [61] da xay dung phuong phap lai ghép duong dobc
nhat ma phuong phap nay hoi tu manh vé mot thanh phan ndm trong tap
diém bat dong chung ctia ho hitu han cac anh xa khong gian dong thoi thoa
man 13 nghiém ctia bai todn bat dang thiic bién phan VIP(F,C). Cu thé,
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khi C' := Fix(7T) 1a tap diém bat dong ctia mot anh xa khong gidn, Yamada
da thiét lap duge dinh 1f hoi tu manh sau.
Dinh Ii 1.1. [61]

Cho F': H — H la anh xa lién tuc L-Lipschitz va n-don diéu manh trén H.
Cho T : H — H la dnh za khong gian trén H vdi Fix(T) # 0. Gid su
p € (0,2n/L*) va day N\ € (0,1] théa man cic dicu kién:

(L1) lim Ay =0,
k—o0

(L2) > M\ = oo,
k=1
(L3) lim (Ax — Ais1)Ap sy = 0.
Khi do, vdi diém ban dau tuy 4 xg € H, day lap zdc dinh bdi
Trr1 = T(x1) — M1 pF (T(zp)), k=0,1,2,... (1.3)

hoi tu manh tdi nghiém duy nhat . cia bai todn (0.1).
N

Trong trucng hgp C = m Fix(T;) 1a tap diém bat dong chung ctia mot ho
i=1

hitu han cac 4nh xa khong gian T; : H — H, day lap xoay vong xap xi nghiém

cho bai toan (0.1) duge Yamada xay dung c6 dang

xo € H,

Tp+1 = T[k—i—l](xk) - /\k+1PF(T[k+1] (Q?k)), k= 0,1,2,...
¢ day [k] := kmod N 1a ham modulo 1ay gia tri trong tap {1,2,3,..., N}.
Khi N = 1, phuong phéap (1.4) sé c¢6 dang (1.3). Su hoi tu manh ctia phuong
phap (1.4) dugc bao dam dudi cac gia thiét thich hop.
Dinh 1f 1.2. [61]

Cho F': H — H la anh xa lién tuc L-Lipschitz va n-don diéu manh trén H.
ChoT;: H— H(i=1,2,3,...,N) la ho hitu han cdc anh xa khong gian trén H

(1.4)

N
vdi C = ﬂFiX(TZ‘) # 0 va
1=1
C = FiX(TlTQ .. TN) = FiX(TQTg .. .TNTl) == FiX(TNT1 ce TN—l)-

Gid st p € (0,2n/L*) va day My € (0,1] théa mén cdc dicu kién:
(Ll) lim >\k = O,
k—o0
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(L2) ) M\ =00,
k=1

(L3)* Z P\k — >\k+N‘ < 00.
k=1
Khi do, vdi diém ban dau tuy i xo € H, day {xy} zdc dinh bdi (1.4) hoi tu

manh tdi nghieém duy nhat . cia bai todan (0.1).

Khi C 1a tap diém bat dong chung ctia mot ho hitu han cac anh xa khong
gian trong khong gian Hilbert thiic, nam 2003, Xu va Kim da nhan dugc két
qué tuong ty Dinh 1i 1.1 va Dinh 1i 1.2 khi thay thé (L3) va (L3)* tuong ting
béi cac dieu kien

A — Mgl

A
(L4) lim 2% =1 hosc tuong duong  lim =0

k—o0 >\k+1 k—o0 /\k+1

BN

va

Ak — A
(L4)* lim —1 hodc tuong duong lim ~2 2N
k%oo)\lﬁ_]v k—o0 )\k+N

C6 thé thay rang, didu kién (L4) yéu hon thuc sy (L3), hon nita didu kién
(L4) cho phép ta c6 thé lya chon v6i day tham s6 chinh tic {1/k} trong khi
d6 (L3) khong thoa man. Mit khac, khong kho khan dé chi ra rang diéu kien
(L3)* suy ra diéu kién (L4)* néu gi6i han klggo i/ Ak ton tai. Tuy vay, cling

0.

luu ¥ thém rang, trong truong hop tong quat cac dicu kien (L3)* va (L4)* 13
khong so sanh duge (xem chi tiét trong [60]).
Nam 2007, Zeng va cong su [64] da dé xuat phuong phap lip xoay vong

xog € H,
’ (1.5)

Tr1 = T (@k) — M1 F (T (72)), B =10,1,2, ...

v6i tham s6 pgyq khong phéi 1a hing s6 ¢6 dinh nhu trong (1.4). Két qua cta
Zeng va cong su 1a sir cai bien va hop nhat cac diéu kien dit lén cac diay tham
s6 1ap so véi két qua ma Yamada, Xu va Kim da nhan dudgec.

Nam 2010, trong [41], Liu va Cui da chiing minh réng néu C' # () thi

C = Fix(T}) = Fix(T\T».. . Ty) (1.6)

la diéu kien du dé théa man tinh chat giao hoan

FiX(TlTQ ce TN) = FiX(T2T3 c. TNTl) === FiX(TNTl S TN—I)-
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Nham loai b6 cac diéu kién (L3), (L3)* va gia thiét (1.6), nam 2011, Nguyén
Budng va Lam Thuy Duong [9] d& xay dung day lap

xo € H,

. (1.7)
Tht1 = (1 — 52)3% -+ 52([ — )\ka)Vk(ajk), k=20,1,2, ..

trong d6 Vi = TETE |-+ TF, TF = (1 — B + BiT; véii=1,2,...,N.

Cac két qua noi trén da nghién citu cai tién theo huéng lam gidm nhe diéu
kién dat len tham s6 1ap A\, hodc cai bién tham s p véi viéc gitt nguyén luge
do lap [59] hodc thiét lap luge do lap mdéi [9], [64] dua theo tu tudng ma
Yamada dé xuat. Dong thoi, ta nhan thay rang cac phuong phap (1.4), (1.5)
va (1.7) c6 chung mot diic diém 14 khong tinh todn song song dudgc.

i~
Nghién cttu mé rong cho trudng hop C' := m Fix(T;) 1a tap diém bat dong

i=1
chung ctia mot ho vo han dém dugc cac anh xa khong gian T; : H — H, bang

viéc st dung anh xa W xac dinh béi
Ukit1 =1,
U = apTiUp 1 + (1 — og) 1,
Uk -1 = 1T Uk + (1 — 1)1, (1)
ng = OéQTQUkQ, + (1 - ag)[,
Wi =Uk1 =onThUp2+ (1 —aq)1,
trong d6 {ax} 1a day cac s6 thyc duong thuoc [0, 1], nam 2008, Iemoto va
Takahashi [33] da xay dung day lap hién {z;} c6 dang
r1 € H,
LTp41 = ([ - )\ka)Wk<xk)7 k= 17 27 37 SR

(1.9)

G day Ay € (0,1] va p > 0 1a cac tham s6 lap.
Dinh 1i 1.3. [33]
Cho F : H — H la anh xa lién tuc L-Lipschitz va n-don diéu manh trén H.

Cho {T;} la ho vo han cdc anh xa khong gian tréen H voi C' = ﬂ Fix(T;) # 0.
i=1
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Gid st {ag} la day cac s6 thuc théa man 0 < a < ap <b<1,k=1,2,3,...
vdi a,b € (0,1). Khi dé, néu cdc dieu kién sau bdo ddam

i) p € (0,2n/L%),

i) A\ théa man cdac dieu kien (L1) va (L2)
thi day lap (1.9) hoi tu manh tdi nghiém duy nhat x, cia bai toan (0.1).
Phuong phap (1.9) st dung dnh xa W}, két hop véi phuong phéap kiéu dusng
dbc nhat da maé rong két qua ciia Yamada cho ho vo han dém dudge cac 4nh xa
khong gidn trong khong gian Hilbert thyc. Céc tac gid da loai bé duge dieu
kien (L3) hodc (L3)*. Tuy vay, anh xa W) c6 cau tric phic tap va phuong
phép (1.9) khong tinh toan song song dugc.

Nam 2010, vé6i viec két hop phuong phap kiéu duong déc nhat, phuong
phap lip Mann va st dung anh xa W}, Yao va cac cong su [62] da thiét lap
mot luge do lap mdi

r1 € H,
Y = (I — NeF) (), (1.10)
T+l = (1 - fYk‘)yk + ,Yka(yk)? k= 17 27 37 s
trong do v € [0, 1] va A\; > 0 1a cac tham s6 lap.
Dinh 1i 1.4. [62]
Cho F : H — H la anh xa lién tuc L-Lipschitz va n-don diéu manh trén H.
o0

Cho {T;} la ho vo han cdc anh xa khong gian trén H véi C := ﬂ Fix(T;) # 0.
i=1
Gid st {ay} la day cdc so thuc théa min 0 < ap <b <1, k=1,2,3,... Khi

dé, néu cac diéu kién sau bdo ddam
i) € [, 1/2] vdiy >0,
i) N\ théa man cdac diéu kien (L1) va (L2)
thi day lap (1.10) hoi tu manh tdi nghiém duy nhat x, cia bai todn (0.1).

Phuong phéap (1.10) 13 mot cai bien ctia phuong phap (1.9). Gié thiét tham s6
Y € [v,1/2] v6i v > 0 1a mot doi héi chat ché hon so véi dieu kien v, € (0, 1)
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ctia phuong phap lap Mann [43] (hodc xem Dinh nghia 6.3.3, trang 290, [1]).
Giong nhu phuong phéap (1.9), ta thay rang phuong phap (1.10) cling ¢6 cau
tric phic tap va khong tinh toan song song dugc.

Mot nam sau, trong [57], Wang ciing da nhan dugc két qué tuong ty nhu
clia Yao va cong su. Két qua trén cia Wang da thay thé (L1) bdi dieu kien
nhe hon 14 0 < A\ < /L% — ¢, Vk > ko, v6i it nhat mot s6 nguyén kg > 1.
Tuy nhién, diéu kién them vao A\, F(zx) — 0 khi & — oo ddm bao sy hoi tu
lai 14 mot han ché ctia phuong phap. Béi véi dieu kién nay viéc tinh toan va
kiém tra trén may tinh la kho thyc hién.

Nghién cttu mé rong tit khong gian Hilbert H t6i 16p cac khong gian Banach
E, nam 2008, Ceng va cong su [15] da cai bién phuong phap lai ghép duong

déc nhat clia Yamada. Céc tac gia da xay dung day lap an c¢6 dang:

Yr = (I — MOk F)T (2g-1),
rp = apye + (1 — o) T(2p), k>1

(1.11)

yr = g + (1 — ap)T(ye),
Trr1 = (I — B )T (yg), k> 1.

(1.12)

trong d6 A, Br va ay la cac day s6 thuc thuoce [0,1). Cac tac gida da ching

minh dugc rang, néu cac day tham so lap trén théa man dicu kién
(0.}
lim A = 0, Z )\kﬂk = OO
k—o00 0

thi day lap (1.11) hoi tu manh t6i nghiem duy nhat cta bai toan (1.2) véi
C = Fix(T). Néu them diéu kien (L1) duge thoa thi day lap (1.12) cing sé
hoi tu manh t6i nghiem duy nhat cta bai toan (1.2). Tuy nhién, viéc xay
dung céc ki thuat lip an cho bai todn (1.2), mot khé khan c6 thé gap phai
cua cac phuong phap doé la trong thuc hanh tinh toan tai moéi bude lap, ta
déu phai thuc hién céc budc giai mot phuong trinh dang an dé tim nghiem
xap xi vd sau mot s6 hitu han budce lap ta sé thu duge nghiém xap xi gan véi
nghiém chinh xac ctia bai toan.

Dé khic phuc khé khin nay, niam 2016, ching toi thiét lap phuong phap
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lip dang hieén mdi kiéu Krasnosel’skii-Mann dudng ddc nhat [14] nhu sau:

Y = QpT) + (1 — ozk)T(xk),
LTkt+1 = (I — )\kF)(yk), k Z 1.

(1.13)

Su hoi tu manh ctia phuong phap dude phat biéu trong dinh 1i sau day.

Dinh i 1.5. [14]

Cho E la khong gian Banach tron déu (hodc khong gian Banach phdn zq
thae, 100 chit va co chuan khd vi Gateauxr déu). Cho F : E — E la dnh za
j-don diéu manh vdi hé s6 n va y-gid co chat vdin+~ > 1. Cho T la dnh za
khong gian trén E vdi C = Fix(T) # 0. Gid sit A\, € (0,1) théa man cic diéu
kien (L1), (L2) va ay € [a,b] C (0,1). Khi ay, day {xx} xdc dinh bdi (1.13)
hoi tu manh téi nghiém duy nhat x, cia bai toan (1.2) khi k — oo.

N#am 2011, Chidume va cong su [19] da nghién cttu md rong két qué clia
Xu va Kim [59] téi 16p khong gian Banach ¢-tron déu véi hang s6 dg, ¢ > 1
va xét cho bai toan (1.2) khi C' 1a tap diém bat dong chung ctia ho hitu han
cac anh xa khong gian 7; : £ — F (i = 1,2,3,..., N). Tuy nhién, gid thiét
dat len tham s6 lap A; 1a tuong tu ctia Xu va Kim. Thém vao d6, cac tac gia
van can st dung gid thiét vé tinh giao hoan trén tap diem bat dong ctia cac
anh xa khong gian T;.

Khi C la tap diém bat dong chung ctia mot ho vé han dém dude cac anh
xa khong gian trong khong gian Banach thuc E, thay cho viéc st dung anh
xa phtic tap Wy, ta c6 theé st dung anh xa V}, don gidn hon dugce xac dinh béi

Vi=V, Vi=TT" T T'=(1—a)l+aT;, 1<i<k  (L14)

trong do

ia (1.15)

1=1
Nam 2013, Nguyén Buong va cac cong sy [10] da dé xuat hai phuong phap

lap an méi

T = Vk([ - )\kF)(l‘k) (1.16)

= ’Yk:(] — )\kF)(ka) + (1 — yk)Vk(xk) (1.17)
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& day {\i}, {7} 1a day cac tham s6 lip duong. D& nhan thay rang, khang
dinh trong hai dinh Ii trén van dang néu anh xa Vj, dudc thay thé béi anh xa
W;.. Trong nhitng nam gan day, khic phuc nhuge diém khong tinh toan song
song duge trén may tinh va khé khan nay sinh tr viéc ap dung cac phuong
phap lap an, nam 2015, Nguyén Budng va cac cong su [11] da xay dung anh

xa S trén E nhu sau

k k
Si -
Sk=") kT Se= s, k=123 (1.18)
=1 =1

AR

trong d6 s; > 0,Vi € N thoa man

o0

Y si=8<o0 (1.19)

i=1
vaT; : E — E,i € N 1a cac anh xa khong gian trén E. Bang viéc st dung
anh xa S, cac tac gia da de xuat hai phuong phap lap hién

Tht1 = (1 — ’yk)xk + ’ykSka(Ik), k = 1, 2, 3, e (1.20)

Thy1 = (1 —’yk)Sk(ZCk) —l—’kuk(SUk), k=1,2,3,... (1.21)
§ day Fr = I — M\ F, {\} va {7y} 1a cac day tham s6 lap duong va ching

minh dugc st hoi tu manh clia cic phuong phap néu trén. Mot s6 nghién citu

theo huéng nay sé duge ching toi cu thé héa trong chuong sau ciia dé tai.
1.4. Phuong phap chiéu lai ghép va chiéu co hep

Dé giai bai toan tim diém bat dong chung ctia mot ho hitu han cac dnh
xa khong gian trong khong gian Hilbert thuc, nam 1996, Bauschke [6] da m&
rong két qua ciia Wittmann [58] va chiing minh duge két qua dudi day.
Dinh 1i 1.6. [6]

Cho C la tap con loi déng khdc rong cia khong gian Hilbert thuc H. Cho
T; - CJ’V—> C,i1=1,2,....,N la ho httu han cic anh xa khong gian trén C vdi

S = (\Fix(T3) # 0 va
=1

S = FiX(TNTN_l...Tl) = FlX(TlTNTQ) = ... = FiX(TN_l...TlTN).
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Gid s, day {ay} € [0,1) théa man cac diéu kien:

o0 o0
lim oy =0, E = 00, g |k — ag| < 0.
k=0 k=0

k—o0

Khi dé, véi moéi u € C co dinh va vdi moi diém ban dav tuy ¢ xy € C, day
{zi} trong C' zdc dinh bdi

Thel = QU + (1 — Oék)Tk+1(ZEk), k>0, (1.22)
hoi tu manh tdi Ps(u), trong dé Pg la phép chiéu ti C len S va Ty, = Tijmod n)-
Cho T = {T}} 1a day cac anh xa xac dinh trén C' vao chinh né va ki hiéu

Fix(T) = ﬂ Fix(T}). Cho {ax} € [0,1) théa man klim ap = 0. Cho {T}} 1a
—00
k=1
day cac anh xa xac dinh trén C vao H. Nhac lai rang, day {T}} dugc goi 1a

day anh xa gan khong gian [49] tuong tng véi day {as} néu
[T (2x) = Tr(y)|| < [l — yll + ax,

v6i moi x,y € C va véi moi k € N. Hién nhién, mot day cac anh xa gan khong
gian chita 16p cac anh xa khong gian.

Nam 2011, Wong va cong su [49] da thiét 1ap duge mot dinh 1{ hoi tu manh
dé tim nghiém ctia bai toan bat dang thic bién phan trén tap diém bat dong
chung cia mot day cac 4nh xa gan khong gian. Noi dung chi tiét dugc phat
biéu trong dinh li dusi day.

Dinh 1f 1.7. [49]

Cho C' la tap con loi déng khdc mong ciia khong gian Hilbert thuec H. Cho
F:C — H la anh xa lién tuc K-Lipschitz va n-don diéu manh trén C. Cho
V . C — H la danh za lién tuc L-Lipschitz tren C. Cho T = {T}} la day anh
za gan khong giin trén C tuong ting vdi day {ar} sao cho S = Fix(T) # 0
vaT : C — C la anh za xdc dinh bdi T(x) = kh_glo Ti(x) vdi moi x € C.
Gid thiét ring Fix(T) = Fix(T), 0 < 8 < 2n/K? va 0 < yL < 7, trong dé
T =1—+/1-B(2n— uK?2). Vdi moi diém ban dau tuy § zy € C, zdc dinh
day {x} trong C bdi:

Thy1 = Pc[()ék’yV(flfk;) + (I — OékﬂF)Tk;(ﬂfk;)], k>0, (1.23)

trong dé {ax} € (0,1) théa man cdc diéu kién sau:
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0
i) lim o =0, E Q= 00;
k—o0 0

oo
ii) Z lagt1 —ap| < oo hodc  lim apii/op =1;
0 k—o00

iii) ZDB(TkaTk—i—l) < o0 hOdC ]}LIEODB(TkaTk—i-l)/OJk—H = 0 vdi moi
k=0

B e B(C);
iV) lim CLk/Oék = 0.

k—o0
Khi dé, day {xi} hoi tu manh téi z* € S va x* la nghiém duy nhat cia bai
toan VI(uF' —~V,S).

Bang mot cach tiép can khac, dya trén ¥ tudng ctia phuong phap chiéu lai

ghép va phuong phéap chiéu co hep, nam 2003, Nakajo va Takahashi [45] da
dé xuat day lap {x;} nhu sau

(

x € C,
Y = OpT) + (1 — Oék)T(l‘k),
Y= {2 Oz —mill < 12—}, (1.24)

Qr={2z€C: (z —x, 90 — xx) < 0},

\xk+1 — PCkﬁQk(xO)a k Z 07
va nam 2008, Takahashi cting cong su [54] da thiét lap luge do lap
Co=C,zy € C,
Y = QpTE + (1 — Ozk)T(:L‘k), (1.25)
Crr1 ={2 € Cp: |lyx — 2[| < lz — 2|},

\:L‘k+1 = Pck+1 (x0)7 k 2 0.

Céc tac gia da ching minh duge rang {z;} xac dinh bdi (1.24) va (1.25) hoi

tu manh t6i Prigr)(0) khi {oy.} € [0,a) v6i it nhat mot s6 thuc a € [0,1).
Nghién cttu theo huéng nay, nam 2017, ching toi cling da thiét lap duoc

bén dinh Ii hoi tu manh tim diém bat déng chung ctia mot ho hitu han cac

anh xa gan khong gidn trén khong gian Hilbert thyc. Phuong phap méi cia
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chiing toi c¢6 thé tinh toan song song dudc va dong thoi c6 thé ting dung dé
tim nghiém ctia bai toan hé bat dang thiic bién phan véi toan ti don diéu.

St hoi tu manh clia cac phuong phap chiéu lai ghép va chiéu co hep méi
dugc phat biéu trong cac dinh i sau day.

Dinh I 1.8. [56]

Cho C la tap con loi déng khdc rong ciua khong gian Hilbert thue H vdi

diam(C) < oo0. Cho T; = {Tix}, i = 1,2,..., N la day cdc dnh za gan khong
N

gian tu C vao H tuong dng vdi day {a;} sao cho S = ﬂFiX(ﬁ) # (0. Cho
i=1
T,:C — H,i=1,2,...,N zdc dinh boi T;(z) = klim T x(x) voi moi x € C.
—00
N N
Gid st rang im Do(T;x, T;) = 0 va ﬂFiX(Ti) = ﬂFiX(ﬁ). Véi diém ban
oo i=1 i=1

dav tuy 4y xvo € C, zét day {x;} trong C xdc dinh bdi:

(

y,@ = QLTE + (1 — Oék)TLk(QUk), 1=1,2,...., N,
i ={zeC: |y. - 2|12 < oy — 2||* + (2diam(C) + a; ) ai k)

N
$Cr={Ci. (1.26)
=1

Qr=4{2€C: (v — 2,10 — 1) > 0},

( Th+1 = PCkﬁQk(xO)u k>0,

v

hodac

e

yp = apay + (1 — o) Tip(ar), i =1,2,..., N,

Chon 1;, € argmax{”yi: — x|},
i=12,...N

yk:ylzgka
Cr={z¢€ C: |7, — 2|I* < |lzk — 2| + (2diam(C) + ai, 1)ai, 1},
Qr={2€C: (zv)—z,x9— 1) > 0},

o\

\xkﬂLl - PCkﬁQk(m0)7 k Z 07
(1.27)
trong do 0 < ap, < o < 1. Khi do, day {xi} hoi tu manh tdi Ps(xy).
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Dinh 1i 1.9. [56]
Cho C, Ti = {T;x}, T; vdii=1,2,...,N dugc gid thiét tuong tu nhu trong
Dinh li 1.8. Vi diém ban dau tuy j xg € C, xét day {x;.} trong C xdc dinh bdi:
(cy=C,
yi = agrp + (1 — o) Tip(zg), 1 =1,2,..., N,
C={2€Ck: |y — z|* < |lzk — 2|> + (2diam(C) + a; x)aix},

(1.28)
N .

Cry1 = ﬂ Ch,
i=1

o\

| Zrr1 = Foyp(20), k20,

9

hodc

(
Cy=C,
y]i: = QLT + (1 — Ozk;)Ti’kJZk, 1=1,2,.... N,

Chon 1), € _argmaX{Hy;i — x|},

g i=1,2,....N
yk = y]ika
Cri1={2€ Cr: ||gp — 2|I> < |lzx — 2||* + (2diam(C) + ay, k) ai, x}

ka?+1 - PCk+1 (ZC()), k 2 07

(1.29)
trong do 0 < oy < o < 1. Khi dé, day {xx} hoi tu manh tdi Ps(xg).

Chuing ta biét rang, dudi cac gia thiét thich hop, nhiéu bai toan li thuyét
va thuc té c6 thé quy vé mo hinh bai toan xac dinh khong diém ctia toan ti
c6 dang:

Tim z € C sao cho: 0 € A(z),
trong d6 A : C' — H 1a toan tit xac dinh trén tap con 16i déng khac rong C
cua khong gian Hilbert thyc H.

Nam 1970, Martinet [42] dé xu#t phuong phap diém gan ké gidi bai toan

trén khi A 1a toan ti don diéu cyc dai. Day lip dudce cau tric nhu sau:

ry € H,

(1.30)
Th+1 = JTAk(xk), Vk € N,
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trong d6 {ry} la day céc so thuc duong va J2 = (I +r;A)~! la todn tit gidi
ciia A. Nam 1976, Rockafellar [47] da cai bién phuong phép trén dudi dang

T+ e D Tpr1 + ckA(rps1) Yk €N, (1.31)

trong do {ex} 1a day sai 6 va {c} day cac tham s6 hiéu chinh duong. Phuong
phap (1.31) ¢6 thé dugc viét lai nhu sau

Tpe1 = ) (xp +er) VEkEN, (1.32)

Tuy nhién, day {z} xac dinh béi (1.30) va (1.31) chi hoi tu yéu. Nam 2000,
Solodov va Svaiter [51] da dé xuat phuong phap méi nhu sau: Chon zy € H
tiy ¥ va o € [0,1). Tai moi buée ldp k c6 xy thi chon gy > 0 va tim mot
nghiem gan dang (yx, vx) clia phuong trinh

0€ A(z) + Br(r — x),
véi dung sai cho phép o. Xac dinh day {x;} theo quy tac sau

Cr=4{2€ H: (z—yp,v) <0},
Qr={z€ H: (z —x, 0 — z1) < 0}.
Lp41 = PCkﬂQk(xO)'

Cac tac gia ching minh dude rang néu day cac tham sé hiéu chinh 3, > ¢ > 0
thi day {x} hoi tu manh t6i khong diém ctia toan tit A.
Cho C la tap con 16i déng khéc rong cia khong gian Hilbert thue H va
N

Ai © D(4;) € C — 27 1a céc todn tit don dicu véi S = () A;1(0) # 0 va
=1
D(A;) € C C (R(I+7A;) véimoii=12,..N.Bay giv, ap dung cac két
r>0
qua mdéi ctia ching toi cho bai toan xac dinh khong diém chung ctia ho hitu

han céc toan ti A; ma khong can gia thiét diam(C) < co. Dinh Ii sau la he
qud truc tiép ctia cac Dinh 1{ 1.8 va Dinh 1{ 1.9

Dinh 1i 1.10. [56]
Cho {rix}, i=1,2,...,N la day cdc s6 thuc duong sao cho

Z:%mN{lrklf{mk}} =r > 0.
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Véi diem ban dau tuy § xo € C, zét day {x} trong C zdc dinh bdi (1.26)-
(1.27) hodc (1.28)-(1.29), vdi 0 < ap, < a < 1 wa T;, = J;‘llk Khi do, day
{zk} hoi tu manh tdi Ps(xg).

Tiép theo, cho A : C — H la toan tit don diéu va h-lién tuc. Ta xét anh

xa 1" xac dinh bdi
A(x) 4+ No(z) néux eC
iy [ A+ e
0 néu z ¢ C

trong d6 N¢(z) 1a nén phéap tuyén ctia C' tai 2 € H. Rockafellar [47] da ching
minh dugc rang 7' 13 toan tit don diéu cye dai va T-1(0) = Sol(VIP(A, C)).
Mat khéc, dé ¥ rang

2, € Sol(VIP (v A+ I — i), C)
néu va chi néu
(v — zr, Az + 2 —yp) >0 Yy € C,

Hay tuong duong v6i —vy, Azg—2p+yr € 7 Ne(2r). Diéu nay suy ra z; = Jg;yk.
Vi vay, ti Dinh 1f 1.10 ta nhan dugc két qua dudi day.

Dinh 1i 1.11. [56]
Cho C;, i = 1,2,..., N la cac tap con loi déng ciia khong gian Hilbert thuc
H. Cho A; : C; — H la cdac toan ti don diéu va h-lién tuc, i = 1,2, ..., N vdi
N
S = ﬂSOl(VIP(Ai,Ci)) # (. Véi diem ban dau tuy 9 xo € C, zét day {x1}

i=1
trong C' xdc dinh bdi (1.26)-(1.27) hogc (1.28)-(1.29), vdi 0 < a, < a < 1,

.....

day {xp} hoi tu manh tdi Ps(xg).
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Chuong 2
Cac phuong phap lap xap xi nghiém
cho bai toan VIP*(F,C)

Trong chuong nay, ching to6i dé xuat ba phuong phap lip dang hién mdi
xap xi nghiém cho bai toan bat dang thitc bién phan VIP*(F, C).

2.1. Phuong phap lai ghép dudng déc nhit dung anh xa S

2.1.1 NOoOi dung phuong phap
Phuong phap thi nhat duge thiét lap dya trén viéc st dung anh xa S‘k
Xuat phét tit diem z; tiy ¥ thuoc £, ching toi xay dung day {z;} theo lugc

do lap hién nhu sau:
Thor = (I — NeF)Sp(xi), k=1,2,3,... (2.1)

trong do S’k dugc xac dinh béi
Sp=> 2 (2.2)
vOi
T =1 —ao) +ao;T;, i=1,2,3,... (2.3)
4 day «o; € (0,1), T; 1a cac anh xa khong gian va I 1a dnh xa don vi trén E.
Céc day tham s6 A\, € (0,1) va {s;} tuong ting théa man cac dieéu kién

k—o00

(L1) lim A, =0,  (L2) > M\ = o0,
k=1

va
k 00

s; > 0, §/€:ZS¢ va Zsi:§<oo. (2.4)

=1 1=1
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2.1.2 Sy hoi tu manh ctia phuong phap

Trude khi trinh bay ching minh chi tiét cho sy hoi tu manh ctia phuong
phap (2.1) t6i nghiém duy nhat ctia bai toan VIP*(F, C), ching ta can cac
bo dé dusi day.

Bo6 dé 2.1. [60]
Gid st {ay} la mot day cdc so thuc khong am sao cho
ap1 < (1 = by)ag + bicy,
trong dé {by} va {ci} la cdc day so6 thuce théa man

Z) bk c [0, 1],

ZZ) ibk = 0O,
k=1

#i1) lim sup ¢, < 0.
k—o00

Khi dé, lim a = 0.
k—o00
Bo dé 2.2. [52]
Cho {z1} va {zr} la cdc day bi chan trong khong gian Banach E sao cho
Tpy1 = hpxp + (1 — hg)zi  vdi moi k> 1,
trong dé {hy.} la day so thuc théa man dieu kién

0 < liminf A <limsuph; < 1.

k=00 k—oo
Gid thiét rang,
limsup(||zk+1 — zi|l = ks — ka)g 0.
k—o00
Khi do, lim ||lxp — z|| = 0.
k—o00
Bo dé 2.3. [§]
Cho Q la tdp con loi déng ciia khong gian Banach loi chat E. Cho {T;} la

day cac anh xa khong gian trén Q vdi m Fix(T;) # 0. Gid st {t;} la day cdc
i=1
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oo
s0 thuc duong vdi Zti = 1. Khi ay, dnh za T trén Q zdc dinh bdi
i=1

T(z) = Z t:T;(z)

voi x € QQ hoan toan duoc xdc dinh. Hon nia, T la anh xa khong gian va

Fix(T) = ﬂ Fix(T}).

Bo dé 2.4. [12]

Cho E la khong gian Banach phdn za thue, 107 chat ¢ chuan kha vi Gateaux
déu. Cho F : E — E la dnh za j-don diéu manh vdi hé s6 1 va y-gid co chit
vdin+~ > 1. Cho T la danh za khong gian trén E vdi C := Fix(T) # (). Vdi
moi t € (0,1), chon Ay € (0,1) tay ¢ sao cho \y — 0 khit — 0 va dinh nghia
lwoi {y} nhu sau

yr = (I = ME)T (). (2.5)
Khi dé, ludi {y;} hoi tu manh tdi nghiém duy nhdt x, cia bai toan VIP*(F,C)
khit — 0.
Bo dé 2.5. [12]

Cho E la khong gian Banach phdn za thue, 107 chat ¢d chuan kha vi Gateaux
déu. Cho F : E — E la dnh xa j-don diéu manh vdi hé s6 1 va y-gid co chit
vdi 4+ > 1. Cho Sy, duge zdc dinh bdi (2.2), (2.3) va (2.4). Khi dy, néu
day {zy} xdc dinh bdi (2.1) bi chan thi

lim sup(F(x,), j(x. — x)) < 0. (2.6)

k—o00
trong dé x, la nghiém duy nhdt cia bai todan (1.2).

Su hoi tu manh cta phuong phéap (2.1) duge phat biéu va ching minh chi
tiét trong dinh 1i duéi day.

Dinh 1i 2.1. [12]
Cho E la khong gian Banach phdn za thic, 1oi chat cé chuan khd vi Gateauz
déu. Cho F : E — E la dnh za j-don diéu manh vdi hé s6 n va vy-gid co chdat
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vdi n —|— v > 1. Cho {T;} la ho vo han cdc anh xa khong gian trén E vdi
C = ﬂFlX ) # 0. Gid st \, € (0,1) va s; tuong ting théa man cic diéu

kién (Ll) (L2) va (2.4). Khi ay, day {x;.} zdc dinh bdi (2.1) hoi tu manh tdi
nghiém duy nhat x. cia bai toan (1.2) khi k — oo.

Chiing minh. Dinh 1i sé dudc chiing minh théng qua mot sd6 bude nhu sau.
Budc 1. Chitng minh day {x;} bi chan.
Tu (2.2) v Menh dé 1.17, v6i moi p € C ta c6 uée lugng

lzrs1 = pll = (] = MF) Sk (1) — p
= ||(I = A F)Sk(ax) — gk(p)H
= |(1 = MeF)Sk(r) — (I = MF)Si(p) — MF Se(p) |
< (I = AeF) Sk () — (f )\kF)Sk( )+ 1M FSk(p)
< (1= M) [Sk(@r) = Si(@) |l + el FSk(p) |

< (1= N7 llze = pll + Al F ()]
1
= (L= Aem)lzw = pll + Aer— (| (p)]]

1
< max {[lz1 —p, ~[|1F'(P)I},

trong d6 S, xac dinh béi (2.2)-(2.4) va T = 1 — /(1 — 1) /7. Do d6, day {x;}
bi chan.

Budc 2. Chiing minh |41 — x| — 0 khi & — oo.

Vi {z;} bi chin nén cac day {Si(z)}, {Ske1(@r)}, {FSk(zi)}, {FSpi1(zs)},
{Ty(x1)} va {T"(x})} v6i moi i > 1 ciing bi chan. Khong méat tinh tong quat,
ta gid st cac diy nay cting bi chan bdi mot hing s duong M;. Hon nita, ti
(2.2), (2.3) ta c6 thé viét lai ;1 nhu sau

1 = Mo(L — F)Si(ar) + (1 — M) Silan),

= (I = F)Sp(w) + (1= Ap) k(l — a1)Tk
(2.7)

Ty (z1) + Sk~ iy 1(:@]
Sk Sk

= hpxy + (1 — hg) 2,

51001
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6 day
3 1
Sk—1 = Z'Tza
k,—1 FA—— Zz; S
h (1 — )\k)(l — 041)81
k — ~
Sk
N . )\k:([ — F)gk(xk) (1 — )\k)slhol(xk) (1 — )\k)(gk — 81)5'14;7_1((17@
va 2 = — -+ — .
1— hk Sk(l — hk) Sk(l — hk)

Vi zpq — 2 = C1 + 51000y + (5, trong do
Cy e Ml = F)Spei(zpen) M = F)Si(a)

1 — hpsr 1 — Ry,

Ai+1 R Q
=1 _kth [([ — ) Sk1(@p41) — (1 — F)SkJrl(xk)}
+ T2 (1 = F)Sea(n) - (1 = F)Si(o)]
n [1 ik;;;l —- ikhk] (I — F)Sk(ﬂfk),

O, = (1= M) Tu(@rgn) (1 = M) Ta ()

k(1 — hgya) Sk(1 — hi)

1 — A
= T: — T
S (L= hyr) [ 1(T41) 1(9%)]
I — Aps1 L — X\ }
— — = Ti(xr),
[3k+1(1 —hpy1)  Sp(1— hy) 1)

o LT ) (B = s1)Skr1-1(2p1) (L= M) (3 — 1) Spa ()
. Sp1(1 = hiyr) Sk(1 — hi)

1—A Sk+1 — ~ ~
= ( §k+kl+(i)fl;b+z;1) ) [Sk+1,—1(33k+1) - Sk+1,—1($kﬂ

e

(1= Xe1)(Sge1 —s1) (1= M) (S —s1) ] &~
Skr1(1 — hyyq) N 51— hy) Sk—1(xr),

va

1Ski1,-1(2hs1) — Sk_1(z2)]
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k+1
= g S; TZ (k) E SZTZ (k)
31<;+1 — 81 Sk — 81
1 Sk+1

= <~ E 5T (x,) Tk+1($k)

Sk+1 — S1 Sk — 51 3k+1 — 51

Sk+1 Sk+1 Sk+1
< ——M; + N—Ml = —2M;,

Sk+1 — S1 Sk+1 — S1 Sk4+1 — S1

nén ta nhan dudgce

2111 — zxl| < ||Cul + s1aa||Cofl + [|Cs]

Ak+1T1 Ak N
— — 2M — 2M
ST [||$k+1 x| + 1] [ 1
Ak
+ s« X — X
1 1[%(1 o
1 — Aeg1 L— X

+ |= — = M
Skl = hir)  5x(1— hy) ]
(1 = XNig1) (Bp1 — s1) (1 — Ngs1)Sk41
Sp1(1 = Ppy1) Spr1(L — hit1)
1 ‘(1 — Me1) Sk — 51) (1= ) (5 — 51) M,

[ Zre1 — il + 2M,

Sk+1(1 — hgs1) 5k(1 — hy)
< [ Ak41T1 (1 = Nig1)s101
Tl =hpa o Sk (1 — haga)
(1= Xeg1) (Bt — 81)]
= T — Tkl + Ck,
3k—|—1(1 _ hk:—l—l) H k+1 kH k

trong d6 4 = /(1 — 1) /v va

2\ A
_ M1< EATL gl Akl Ak
I — hpq L—hppr 1=y
1 — Aeg1 L — A 2(1 — Ajpy1)Skt1

Sk+1(1 = hir1)  Sk(L—he) | Spe1(1 — hgya)
‘(1 — Ner1) Sy —s1) (1= M) (Sk — s1) )

+ s101

Sk+1(1 — hgs1) 5k(1 — hy)

Ta dat

G [ Ak41T1 (1 — Agps1)s1an
1 —hirr o Spe1(1 = hgyr)
(1 — Ney1) (81 — 51)

Skr1(1 — higr)

— 1] ka—l—l — Zlfk;H + Ck.



32
Khi ay, ta nhan dugc
241 — 2ll < [J@wps1 — pl] + G

RO rang, tir cac dieu kien (L1) va (2.4) ta ¢6 by — (1 — aq)s1/8, s — 0 va
5, — § > 0 khi & — oo. Vi thé, ta c6

Iim [ Ak41T1 (L= Mr)sion | (1= N1 (Spg1 — 81) 1]

koo |1 —hpgr o Spa1(1 = Ppy) Spp1(1 — hyy)
S101 S — S1
= — — + — — — 1 = O7
S1—(1—a1)s1/5)  35(1—(1—aq)s1/3)

2\ A A

lim ¢, = M, lim AT + 2 LA i

k—o0 k—oo\ 1 — hk+1 1— hk—l—l 1-— hk
I — A1 L — XN 2(1 — Nig1)Skt1

+ s101

Sen(—hin) 51— tg)| " Srea (1= g
(1= X)) (St —s1) (1 — M) (8 — 1)
- ‘ Seet(L—hiw) &1 - hy) )
1 B 1
5(1 — (1 — 041)81/§) 5(1 — (1 — 051)81/5)

SA—=(1—a1)s1/3)  5(1—(1—a)s1/3) >: .

T cac gi6i han trén va tinh bi chan ctia day {z;} ddm béo ring ¢, — 0 khi

= M1 lim 5101
k—o0

5—81 §—81
+

k — oo. Vi vay, ta co

thUp(szH — 2|l = 2k — xk”)ﬁ 0.
k—00

Ap dung BS dé 2.2, ta nhan dugc
lim ||z — 2| = 0. (2.8)
k—o0

Tiép theo, tir (2.1), (2.7) va (2.8) dan dén ||Si(z1) — pp1|| < MMy — 0 khi

k — oo va
lim ||z — k|| = lim [1 — (1 =)= ozl)sl/sﬂ |z — 2|l = 0. (2.9)
k—o0 k—o0

Budc 3. Chiing minh klim Tp = Ty.
— 00

Bay gio, ap dung Meénh dé 1.7 va Meénh dé 1.17 ta c6 uéc lugng

ke = 21 = 12 = MeF) Si(n) — 2
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([ - )\kF)gk(CEk) - ([ - )\kF)gk(x*) - )\kF(ZIZ*)HZ
(1= M) 1Sk(wr) = Sp(x)|? = 20 (F(2.), j (21 — )
< (1= M) llon = 2l = 20 F (@), (w1 — 24))
(

(1= M)l — 2”4+ 2 [(F (2), j (22 — 1))
+ (F(24), § (26 — Thy1) — (20 — 2%))]

1= M)l — ] + 20 [(F (22, (2, — 22)
+ (F(24), (26 — Tpy1) — J(@s — 23))] /7.

T do suy ra
k41— 2l < (1= bp)llzg — zal|* + brex,
trong do

b, =7, 7 =1—+/(1-n)/7,
cp = 2[(F(2.), j(xe — 2p)) + (F(20), J (2 — Tpt1) — J(2 — 23))]/ 7

Vi Z)‘k’ = 00 nén Zbk’ = 00. Do d6, ap dung Bo dé 2.1 cho {a;} v6i
k=0 k=0

ar, = ||z — z]|?, (2.6) va tinh liéen tuc manh-yéu* ciia j cling véi (2.9) ta
nhan dugce

Jim . — 2. = 0.
Dinh li dugc chiing minh. []

Nhan xét 2.1. Phuong phap (2.1) diing 4nh xa S; ¢6 cdu tric don gian hon
cac anh xa Vi, Wy, hay Vi va ¢6 thé tinh toan song song duge. Céc phuong
phap (1.7), (1.9), (1.10), (1.16), (1.17), (1.20) va (1.21), phuong phép (2.1)
c6 st dung ba tham s6 lip. Cac tham s6 nay déng vai tro khac nhau, né cho

phép thuc hién nhitng quy tac riéng biét trong thiét ké ctia mdi thuat toan.
2.2. Phuong phap lai ghép dudng déc nhit dung anh xa 3,

2.2.1 NOi dung phuong phap
Phuong phap tht hai duge thiét lap dua trén viec sit dung anh xa Sp.
Xuat phat tit diém z; tity ¥ thuoc F, chiing t6i xay dung day lap hien {x;}
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nhu sau:
Tr1 = (I — NeF)Sk(z), k=1,2,3,... (2.10)
6 day anh xa Sk xac dinh béi

k

Sk = L Z(Si_l — Sl)TZ (211)

50 = Sk o0

trong d6 T* duge xac dinh béi (2.3), A\ € (0,1) thoa man cac diéu kien (L1),
(L2) va {s;} la day cac s6 thuc gidm ngat, hoi tu vé 0 khi i — oo,

2.2.2 Su hoi tu manh ciia phuong phap
B6 dé 2.6. [13]

Cho E la khong gian Banach phdn za thuc, 107 chdt co chuan khd vi Gateauz
déu. Cho F : E — E la dnh za j-don diéu manh vdi hé s6 n va y-gid co chit
vdin—+~ > 1. Cho Sy, zdc dinh béi (2.11). Khi dy, néu day {xz}} zdc dinh bdi
(2.10) bj chan thi

limsup(F(xy), j(xs — x1)) <0 (2.12)

k—00
d day x. la nghiém duy nhat cia bai toan (1.2).

St hoi tu manh ctia phuong phap (2.10) duge phét biéu va chiing minh chi
tiét trong dinh 1i duéi day.
Dinh 1i 2.2. [13]

Cho E la khong gian Banach phdn za thuc, 107 chdt co chuan khd vi Gateauz
déu. Cho F : E — E la dnh za j-don diéu manh vdi hé s6 n va y-gid co chit
vdi n ;l—o v > 1. Cho {T;} la ho vo han cdc dnh xa khong gian tréen E vdi
C = ﬂ Fix(T;) # 0. Gid sit My € (0,1) théa man cac dieu kién (L1), (L2) va

i=1

{s;} la day so thuc duong gidm ngat, hoi tu vé 0. Khi ay, day {x;.} zdc dinh
bdi (2.10) hoi tu manh téi nghiém duy nhat x. cia bai todn (1.2) khi k — oo.
Chiing minh. Dinh 1i sé dudc chiing minh théng qua mot sdé bude nhu sau.

Budc 1. Chitng minh day {x;} bi chan.
Trude hét, ta c6 Sy 1a 4nh xa khong gian tren E va Fix(T%) = Fix(T;). Hién
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nhien, Si(p) = p véi véi moi k > 1 va véi moi p € (| Fix(T;) C (| Fix(T,

i=1
Ap dung Menh dé 1.17 ching ta ¢6 uée luong
ki1 = pll = (I = MeF)Sk(i) — p|
= (I = \eF)Sk(ai) — Sk(p)|
= (I = MeF)Si(r) — (I = MeF)Sk(p) — MF Sk (p)|
<[ = AF) Sk () — (- AGE)Si(0) |+ A E (D)
< (1= Mer)[ISk (k) — Sk(p)l| + Al FSk(p)|

( Mz = pll + Al FSk(0)]
= (1= X7)[lzr — pll + )\kHF< )
(1= A7)

[z = pll + AM IE@)

< max {[lz; —pl, ;I\F(p)\l}-

Dicu nay suy ra {z;} la day bi chan.
Bude 2. Ching minh ||zx41 — x| — 0 khi & — oc.
Vi {z;} bi chan nen cdc day {Sk(zx)}, {Sk1(ze)}, {FS%(zn)}, {Ti(i)},
{T"(x1)} v6i moi i > 1, {Sk_1(zx)} va {Sks1_1(zx)} ciing bi chin, & day
k

N 1 )
Sk,—l = Z(Si_l - Si)TZ.

517 5k )

Khong mat tinh tong quéat, ta gia st cac day nay cung bi chan béi mot hing
s6 duong M;. Hon nita, tit (2.10), (2.11) ta c6 thé viét

Tri1 = Me(L — F)Sk(a) + (1 — M) Sk(xr)

= Mol = F)Sp(ze) + (1= Ap) [(50 — 51)_(1 —a),,
(50— 1) B 507k (2.13)
+ Mﬂ(:ﬁk) + >1 SkSk 1(.73k)]
S0 — Sk S0 — Sk

= hipx, + (1 — hk)zk

trong do

hk _ (1 — )\k)(SO — 81)(1 — 041)’

S0 — Sk
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Me(I — F)Si(xy) (1= Xp)(so — s1)ay
_|_
1— hk (1 — hk)(So — Sk)
(1 —Ak)(s1— sk) 4
Se_1(xr).
(1= hy)(so — sp) " (@)
VA 2y — 21 = Ch + (So — Sl)CYlCQ + (s, trong do

_ M = F)Spaa(aren) Al = F)Si(a)
L — Rhgyr 1 — hy

Ak+1 A O
=7 _kth [([ — ) Spi1(@p1) — (1 — F)SkJrl(xk)]

#1251 = F)Sa() — (= F)Siae)

Akt 1 Ak A
- [-F
bl - 2|0 - P,

L — Ay L— A
D= T _
Cy 1($k+1) (80 — sk)(l — hk)

(L = hger1)(s0 — Sp+1)
1 — Aea
T (1= hys1) (S0 — Spen) (T3 (zg11) — Th ()]
(1 — A1) (1—X)
+ [(1 — hk+1)(30 — 3k+1) o (1 _ hk)(So — Sk) Tl(CUk)a

(1= A)(s1—8) &
= ( — hk}+1)(80 — Sk:—l—l) (1 . hk)(s() _ Sk) Sk,—l(xk)
(= M) (81 = si) g .

(1= hyg1) (S0 — Sk+1) [Se1,1(Th41) = S (@)
_|_

8 : 22:322; : 3:3 Ski11(zp) — Sk,—1(fck)}

2y = Ty (xy)

Cli

Tl (Ik)

1—A S1— S A
Oy = ( k+1) (51 k+1)5’k+17—1($k+1) B

(1= Aea)(s1 = sks1) (1= Ap)(s1 — Sk)] S 1 ()
(1= hey1)(s0 = sk1)  (L—=hi)(so—sk)] 7
va
A A 1 k+1
Sia1—1(xr) — Sk _1(xp)|| = || ——— si_1 — s;)) T (x
ISersaat) = Sl = | == 3 o =T o)
| k
— i1 —s)T"
S e ST )
k
1 1 : Sp — S
:H( - )Ej@Fr—&ﬂ%mJ+JL—ﬁﬂT“%mﬂ
51 — Sk+1 S1 — Sk S1 — Sk+1

k=2



37

M, — 2M,(Sk — Sk+1)
S§1 = Sk+1 (51 - 3k+1)

—Sk + Skt

| (51— sk41)(s1 — 1)

Sk — Sk+1

(s1— sp) My +

neén suy ra
1251 = 26ll < (CLl + (s0 = s1)an|[Col| + (|G|

At1T 4 M
S ¢ [ka’-Fl — l’k;” + 7_—11:|

1 — hptr
Ak+1 Ak
— 2M

Jr‘1—hk+1 1 — hy !

(1 = Xes1)(s0 — s1)0n
+ T -

(1 - hk+1)(50 — Skt1) ” e k”

(1 — Agy1) (1— M)

+ (sp — s1)¢ — M
(s0 = s1)n (1= hien)(s0 — sie1) (L= h)(so—su)|
(1 — Apg1) (51— Sk11)

+ T — T
(T ice) (50— s 1441 25
(1 = A1) (81— Sk41)2Ma(Sk — Sp41)

(1 — hig1) (S0 — Skt1)(S1 — Skt1)
(1= Xer1)(51 = skg1) (1= A)(s1— sz)
+ - M17
(1= hgs1)(so = skr1) (1= hg)(s0 — sk)
trong d6 1 = /(1 —n) /7. Do do, ta nhan dugc
Aot 1T 1—A So — S1)«
21 — 2hll—llnsn — al] < L o El - th;ESO - 81) ;
k+1 k+1 0 k+1 (214)

(1 = Apg1) (51— Skt1)
(1 = hig1)(S0 — Skt1)

- 1] lns — well + e
vOl

2M,

AMi A ' Akt 1 Ak
CL +

Tl (Tl 1y
(1 — A1) (=X
(L= hgr1)(so — sp+1) (1= hi)(s0 — sk)
(L — Ng) (51 — s1)2Ma (S — Siv1)
(1 = hgr1) (S0 — Skr1) (51— Sk1)
‘ (I — M) (51— spq1) (1= Ag)(s1— sp)

M,

+ (S() — 81)041

M.

(1= hgs1)(so = sk+1) (1 — hi)(s0 — s1)

Dé y ring, sp — 0, 1 — hy, — [so — (50— s1)(1 — )] /s khi k — oo va tit didu
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kien (L1) ta nhan duge

1 1
lim ¢, = (s — 1) — M
k—o0 k ( 0 1) ! So — (S() — 81)(1 — Oél) So — (80 — 81)(1 — al) !
S1 51
+ - M; = 0.
S — (80 — 81)(1 — Oél) S0 — (80 — 81)(1 — &1) 1
Hon ntia,
lim [(1 — Aiet1)(80 = s1)an | (1 — Agya) (51— Sk+1) B 1] _
koo | (1 — hgy1)(s0 — sk1) (1 — has1) (S0 — Sk1)
(80—81)041+81 _1-0

50— (89— s1)(1 —ayq)

Tw hai giéi han trén, sit dung tinh bi chin cia day {z;} va (2.14) ta ¢6

thUP(HZkH — 2|l = 2 — xk”)ﬁ 0.
k—o00

Ap dung Bé dé 2.2, suy ra
lim ||z — 2| = 0.
k—o0
Két hop diéu nay véi (2.13) dan dén
lim ||z — zx|| = Im (1 — hg)||zrer — zk|
k—oo k—o00

2.15
[1_ (1= ) (s0— s1)(1 — ay) 20— 22 = 0. (2.15)

= lim

k—o0 S0 — Sk

Budc 3. Chiing minh lim z; = z,.
k—o0

Bay gio, ap dung Meéenh dé 1.7 va Meénh dé 1.17 ta c6 udc lugng
k1 = 2l = [1(1 = A F) Sk () — 2.
= [(I = MeF)Sp () = (I = MF)Sk(w.) = A F ()|
< (1= Mem) e = p*[1? = 20 F (), 5 (21 — 24))
= (1= n)llzg = p*I* + 20 [(F (2.), j(2e — 1))
+ (F(24), j (24 — Tp41) — J(@0 — 23))]-

Tu do suy ra

Zpr1 — ze||” < (1= bp) ||z — ze]|” + brcr,
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trong do

b =M1, 7T=1—+/(1-n)/,
cr, = 2[(F (), j (2 — 21)) + (F(24), J (T — Tper1) — J (T8 — 20))] /T

0 (o] o0

Vi Z)\k = 00 nén Zbk = Z)\m’ = 00. Do dé, ap dung Bo dé 2.1 cho
k=1 k=1 k=1

ar = ||z — x.||*, két hop vé6i (2.12), tinh lien tuc manh-yéu* ctia j va (2.15)

ta nhan duoc klim ) — x*H2 = 0. Dinh 1Ii dugc ching minh. N
—00

2.3. Phuong phap lai ghép dudng déc nhat dung anh xa S*

2.3.1 NOoOi dung phuong phap
Xuat phat tit diem 7 tuy y thuoc E, day lap hien {x;} dugc thiét ké
nhu sau:

Tppr = (I — NeF)S*(xp), k=1,2,3,... (2.16)

trong do
k

Sk = ol + (1— a)TF véi TF = Z(sl/§k)Tl

1=1

va a € (0,1) 1a mot s6 thyc ¢ dinh, s; duge xac dinh bdi (2.4),

HM?v

va day tham s6 Az thoa man cac dieu kien (L1) va (L2).

2.3.2 Su hoi tu manh ctia phuong phap

Truéce hét, ching ta c6 bo dé quan trong sau.
Bo dé 2.7. [26]

Cho E la khong gian Banach phdn za thuc, 107 chdt co chuan khd vi Gateauz
déu. Cho F : E — E la dnh xa j-don diéu manh vdi hé s6 n va vy-gid co chiat
vdi —|— v > 1. Cho {T;} la ho vo han cdc anh xa khong gian trén E vdi

C = ﬂ Fix(T;) # 0. Ta dinh nghia dnh zq

k

1
TF = — sT k>1
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trong dé s; dugc xdc dinh bdi (2.4) va 5 = ZS’ Khi do,
i) Ton tai dnh za khong gian T : E — E zdc dinh bdi

T(z) = lim T"(x) ZST rel

k—o00

va ﬂ Fix(T") = ﬂ Fix(T}) = Fix(T).

i) Véi moi tap con bi chan B trong E, ta cé lim sup ||T%(x)

k—o0 xeB

i1) Véi moi so thuc co dinh o € (0,1) ta zdc dinh anh za

S=al+(1—-a)T.

Néu day {z} trong E la bi chan va klim |lxp — S(zk)|| =0 the
—00

lim sup(F(z.), j(x. — 21)) < 0,

k—o0

d day . la nghiém duy nhat cia bai todn (1.2).

Dinh 1i 2.3. [26]

— T(z)| = 0.

(2.17)

Cho E la khong gian Banach phdn za thue, 107 chat ¢ chuan kha vi Gateaux
déu. Cho F : E — E la dnh za j-don diéu manh vdi hé s6 n va vy-gid co chdat
vat m + -7 > 1. Cho {T;} la ho vo han cdc anh xa khong gian trén E vdi

C = ﬂle # 0. Lay mot gid tri co dinh a € (0,1). Gid st Ay va s;

tuong @mg théa man cac dieu kien (L1), (L2) va (2.4). Khi ay, day {x;}
zdc dinh bdi (2.16) hoi tu manh téi nghiém duy nhat x, cia bai todn (1.2)

khi k — oo.

Chatng minh. Dinh 1i sé dugc chiing minh thong qua mot sé buée nhu sau.

Budc 1. Ching minh day {zj} bi chin.
V6i moi p € C, tut (2.16) va Ménh dé 1.17 ta ¢6 ude lugng

ks = pll < (T = MF)SH(an) = S*(p)

< (1= Nen)llae — pll + 11 — MeF) S (p) —

S* ()l
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= (1= Ne7) |z — pll + Ael|F(p) |
= (1= N7)llzx — pll + M| F D)/ 7
< max {|lz1 — p|, [[F()|/7},

trong d6 S* = al 4 (1 — a)T* v6i T* dugc dinh nghia trong Bo dé 2.7 va

7=1—+/(1—-n)/v. Do d6, day {zx} la bi chin.

Budc 2. Ching minh ||z — x| — 0 khi & — oo.

Vi day {a} nen cdc day {S*(zi)}, (S (o)}, (T30} v6i i > 1, {FSH ()}
va {FS*1(x;)} cling bi chin. Khong mat tinh tong quat ta gia sit cac day

nay cung bi chan bdi mot hang s6 duong M;. Thém vao do, ti (2.16), ta co

thé viét
Tri1 = Me(I — F)S*(2p) + (1 — M) S* ()

= MNe(I = F)S"(ap) + (1 — M) (azp + (1 — o) T (2))

= hpxp + (1 — hg) 2,
trong do hy = (1 — A\p)a va

o Me(I — F)Sk () N (T —Xp)(1— oz)T’“(xk).
1 — hy 1 — hg

Vi zp11 — 2z = C1 + (1 — a)Cy, trong do
_ Mer1 (I — F)SH Y (ap49) RS F)S*(xy)

Cli

L — hg 1 — hy
= L[]~ S () — (I — F)SS (1)
1 — Ry
A
+ L (T — F)S* () — (I — F)S*(ay)]
1 — hyyr
Akt1 A k
— I —F
oo = (L= M) T ) (1= M) T ()
2 1 — hpsr 1 — Iy,
| VA k+1
— ~ kg T
- [T (w41) ()]
[ V|

1 — hptq [Tkﬂ(xk) N Tk(mk)]

L= X1 1=
I —hppr 1—1hy

(2.18)
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va ta c¢6 danh gia sau

k+1 k
HTk—i-l(xk) — Tk(xk)H = ?H Z s; 15 xk - — z; T(Ik)
_ (_l——-£>§5sTCm)+ Sk ()
Sk41 Sk Py Sk+1
< 2 Ly = 2%Ml,
5k+1 Sk+1 Sk+1

nén ta co

[zh1 = 2ell < 1L+ 1C2ll(1 = o)

Ak41T1 Akt Ak
< — — 2M — 2M
STl k1 — il + 1}—#’ [ P g 1
1—A 1-—
+ ( k—l—l)( ) [ka—i—l o ka + Z%Mll
1 —hgn Sk
R R Y
_ Mi(1 —
Jr|1—hk+1 1 — Dy, 1=

< [ Ak+1T1 I (1_)\k+1)(1_a

)]
Tkl — Tk|| + Ck,
1 — hi 1 — hpsa s |

¢ day 1 = /(1 —n)/v va
A A A
o = M, (2 k+171 4 2| k+1 k

1 — hpga L—hppr 1=y
Sk1 (1 — Apy1)(1 — @) N ‘1 — N1 1=

L—hppr 1=y

+ 2-

ﬂ—ao.

) _ 1] | k1 — || + . Khi do, ta

Skt1 1 — hgs

. At (1= A1) —
Ta dat ¢ .= +

" [1 — hpp L — hgy
nhan dugce

Izht1 = 2ell < [lwarn — 2ill + G
Hién nhién, tit cac diéu kien (L1) va (2.4) ta cé hy — «, s, — 0va § — § >0
khi k — oo. Do d6

lim [ AT (1= Mg)d—a) 1]: l-a
1 — hp 1 — hi

—1=0

k—o0 1l -«
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~

VA
- : k1171 Ak+1 Ak
] =M 1 2 2 —
klﬁnéoloCk 1]4:520( 1—hk+1+ 1—hk+1 1—hk
s 1—A 1l —« 1—A 1—A
B S L e
Skt1 1 — gyt IL—hppr  1—1y
1 1
— M - 1—a)=0.
1 -« 1—a( @)

Cac gi6i han trén cung véi tinh bi chan cia {z;} dan dén ¢ — 0 khi k — co.
Do do, ta nhan dugc

limSUp(szH — 2|l =z — xk“)ﬁ 0.
k—o00

Ap dung Bo dé 2.2, ta c6
lim ||z — 2| = 0. (2.19)
k—o0

Tiép theo, tir (2.16) va (2.18) dan dén [|S*(x;) — pe1]] < MMy — 0, khi

k — oo va
lim ||zk41 — 2] = lim (1 —(1- )\k)Oé)ka — zi|| = 0.
k—o0 k—o00

Budc 3. Chiing minh klim Tp = Tx.
—00
Theo B6 dé 2.4 ton tai duy nhat nghiem x, € C ciia bai toan (1.2). Vi
B := {x;} x4c dinh béi (2.16) bi chan nén ap dung ii) ctia B6 dé 2.7 cho
ta lim sup ||T%(z) — T(z)|| = 0 va vi vay lim sup ||S*(x) — S(z)|| = 0. Mat
khac, tr uéc lugng
low = S| < Nlaw = S (@) | + 18" (@) — S(an)

< o — S*(aw)|| + sup [|S*(z) — S(@)]].

o reB
va tit Bude 2 suy ra klim |z — S*(z)|| = 0. Vi thé, ta c6 ||z — S(zp)|| — 0
—00

khi k — co. Bay gig, ap dung iii) ctia B6 dé 2.7 ta nhan dudc

lim Sup<F($*)7j(x* - xk)> < 0.

k—o0

Vi j lien tuc déu trén cac tap con bi chan cia F nén

lim (j(2 — zp41) — J(2 — 1)) = 0. (2.20)

k—o0
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Tiép theo, ap dung Ménh dé 1.7 va Ménh dé 1.17 ta c6
|1 — 2] = (T = N F)S™(x) — 2|
= [(1 = MeF)S™(x) — (1 = MeF)S* () — M F ()|
<1 = MF)S (@) = (1 = MF)S* ()|
2= ML (24), J (T4 — 24))
< (1= M) ?lIS* () = S™ (@) IP = 20 (F (), j(wher — 20))
(1= M)l = 2o ]|* = 20 F (@), j (whan — )
< (1= M) llzg = @l® + 207 [(F(2.), (s — 21))
+ (F (), (2 — 2p41) — G2 — )] /7.
Tu do suy ra
Jner = 2l < (1= b)llas = 2l + brcs, (2.21)
trong do
by = N7, T =1—+/(1=n)/7,
cr = 2[(F(.), j(@e = 2p1)) + (F(24), § (25 = 2p31) = J@e — )] /7.

0¢} [o¢) o ¢}

Vi Z AL = 00 nén Z b, = Z AT = 0o. Cudi ciing, ap dung Bo dé 2.1 cho
k=1

ar = ||zr — x.||?, stt dung (2.20) va (2.21) ta dugc lim xj, = z,. O

k— 00
2.4. Ung dung va két qua tinh toan sb

Céac phuong phéap lip dang hién méi clia ching t6i c6 thé a4p dung dé tim
nghiém ctia bai toan cyc tri (Menh dé 5.1 va Ménh dé 5.2, trang 15-16, [34]):
Tim z, € C sao cho

o(xy) = 1516151 o(x), C:= m C; (2.22)

trong d6 o 1a phiém ham 16i, c6 dao ham ¢'(x) lien tuc Lipschitz, don di¢u
manh trén khong gian R" va C; 1a cac tap con 16i déng ctia R™.
Chiting t6i xét bai toan (2.22) véi mién rang buoc C' duge xac dinh trong

hai truong hop sau: C' la giao ciia cac nita khong gian dong

C;={x € R": alay + abwy + - - - + alx, < bi}, (2.23)
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trong do aé-, b; € R (1 <7 <n)hoidc C la giao clia cac hinh cau dong

n

Ci={r€R":> (z;—a)’ <rl}, ;>0 (2.24)
j=1
6daya§€R(1§j§n).
Vi du 2.1. Xét bai toan (2.22)-(2.23) trong trusng hop n = 2.
Ham muc tiéu ¢ : R? = R ¢6 dang
o(x) = ||z||* = 2] + 25 v6i z = (21, 79).
Cac tap C; dugc cho béi
C; = {x € R* : dlay + abxy < b},

véi a} = 1/i,a = —1 va b; = 0 v6i moi ¢ > 1. Trong truong hop nay, dé thay

z, = (0;0) 1a nghiem duy nhat ctia bai toan. Mat khac, dé ¥ rang diéu kien
t6i wu cho bai toan (2.22) 1a bat dang thiic bién phan

Ap dung phuong phép (2.1) cho vi du nay véi F(z) = V(z) va Tj = Pe,.
Chon diém ban dau la z; = (2.0; —3.0). Chon cac tham s6 thoa man diéu

kién hoi tu trong Dinh 11 2.1 1a

Ak:L, Si:ai:..l .
kE+2 i(i+1)
Sau 100 budc lap ta nhan dugc bang két qua:
k x&k) xgk) k :cgk) Zlfék)
1| 2.000000000 | -3.000000000 | 40 | -0.000591766 | -0.000346015
10 | -0.007511824 | -0.008298578 | 80 | -0.000155006 | -0.000069241
20 | -0.002159906 | -0.001752941 | 90 | -0.000123185 | -0.000052541
30 | -0.001017548 | -0.000682130 | 100 | -0.000100272 | -0.000040995

Bang 2.1: Két qua tinh toan cho phuong phap (2.1)
Tiép theo, ching toi 4p dung phuong phap (1.9) ctia Iemoto va cong su
cho cling bai toan trén. Ta chon cadc tham s6 théa méan dieu kién hoi tu cia
Dinh 1i 1.3 1a
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buée lap nhu sau:
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k :zzgk) a:gk) k CL’gk) xék)

1 | 2.000000000 | -3.000000000 | 40 |-0.358377585 | -0.187650539
10 | -0.349870114 | -0.338431889 | 80 |-0.340420244 | -0.158749714
20 | -0.364418302 | -0.241939296 | 90 |-0.337561929 | -0.153651335
30 | -0.363749444 | -0.204236841 | 100 | -0.335041279 | -0.149090066

Bay gio, st dung phuong phap (1.10) ctia Yao va cong sy. Cac tham s6

Bang 2.2: Két qua tinh toan cho phuong phap (1.9) vé6i p = 1/20

duge chon théa man Dinh 11 1.4 1&

1
Ak

bude lap sé la:

gy

1

a; =

100 i

i(i+1)

Bang két qua tinh todn cho phuong phéap (1.10) v6i cting diém ban dau va sb

va oy =

1
100

k

(F)

X

(F)

Lo

k

(F)

I

(F)

)

1

2.000000000

-3.000000000

40

0.001919447

-0.003075765

10

0.034425457

-0.052395025

80

0.000375849

-0.000654537

20

0.008482904

-0.013122376

90

0.000278279

-0.000496335

30

0.003602190

-0.005668681

100

0.000210945

-0.000385873

Béang 2.3: Két qua tinh toan cho phuong phép (1.10) véi 75 = 1/100

Bang tuong quan veé sai s6 tinh toan so vdi nghiém chinh xac clia cac phuong
phép (2.1), phuong phap (1.9) va phuong phap (1.10).

Phuong phéap ko ok — x| Thoi gian (giay)
(1.9) (v6i p = 1/20) 100 3.6671 x 1071 0.0460
(1.10) (v6i 4, = 1/100) 100 4.3976 x 10~* 0.0620
(2.1) 100 1.0833 x 10~* 0.0310

RO rang, ¢ vi du trén, phuong phap (2.1) ctia ching t6i dé xuat c6 tdc do
hoi tu nhanh hon va can it thoi gian tinh todn hon cac phuong phap (1.9) va
phuong phép (1.10).
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Vidu 2.2. Xét bai toan (2.22)-(2.24) trong truong hop n = 2. Ham muc tiéu
¢ : R? = R dugc xac dinh béi
o(x) = (r1 — 1)? + (23 — 2)* Vi x = (z1,22).
Cac tap C; dugce cho béi
Ci={z € R*: (1 — a})* + (x2 — a5)* <17}
véir; =1, ail =1+1/iva aé = 0 v6i moi ¢« > 1. Trong trucng hgp nay, ta co
z, = (1.5;4/0.75) 1a nghiém duy nhét ctia bai toan.

Ap dung phuong phéap (2.1) cho vi du nay véi F(z) = Ve(x), trong d6
V() = (221 —2; 229 — 4) v T; = Pg,. Chon diém ban dau 1a z; = (3.0; 3.0).
Chon day cac tham sé théa man diéu kién Dinh 1i 2.1 nhu trong Vi du 2.1.
Ap dung phuong phap (2.1), két qua tinh toan ¢ budc lip 46000 ta nhan
duge nghiem xap xi 1a (1.54118986; 0.88877202). Trong khi do, cuing buéc lap
nhu trén, néu ap dung phuong phéap (1.9) v6i p = 1/3 thi nghiem xap xi 1a
(1.552771131; 0.894458825), néu sit dung phuong phap (1.10) v6i 7 = 1/100
thi ta nhan duge nghiem xap xi 1a (1.548117716;0.903764265).

Bang tuong quan vé sai s6 tinh toan so v6i nghiém chinh xac clia cac

phuong phap (2.1), phuong phép (1.9) va (1.10) trong vi du nay la:

Phuong phép k |z) — 2| Thoi gian (giay)
(1.9) (v6i p =1/3) 46000 5994. x 1072 3756.7200
(1.10) (v6i 4 = 1/100) 46000 6.1152 x 1072 4017.8200

(2.1) 46000 4.7053 x 1072 882.7740

Nhan xét 2.2. Nhu vay, ching ta cling thay phuong phéap (2.1) ¢6 toc do
hoi tu nhanh hon va can it thoi gian tinh todn hon céc phuong phap (1.9) va
(1.10) trong vi du nay.

Vi du 2.3. Ta xét bai toan (2.22)-(2.23) trong truong hop n = 2 va ham
muc tiéu ¢ : R? — R dugde xac dinh bdi

ox) =2 Az + b2+ ¢ v6i z = (21, 29).

a— (b0 b= —4 va c=13.
0 1 6

trong do
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Cac tap C; duge cho béi
C; = {33 c R? ai.ﬁﬁ + aéﬂfg > bl},

v6ial =1, al =1ivab; = 2v6imoii > 1. Trong truong hop nay z, = (2.0;3.0)
12 nghiem duy nhét ctia bai toan. Ap dung phuong phéap (2.10) cho vi du nay
v6i F(x) = Vp(x), trong d6 V(z) = (221 — 4;229 — 6) va T; = P¢,. Chon
diém ban dau x' = (—3.0; —3.0) va day cac tham s6 théa man diéu kien hoi
tu trong Dinh Ii 2.2 13

1 1
)\k:k—H, Siz(i+1)(i+2)vélzzo, ai:z’(z’—l— vGl ¢ > 1.
Sau 1000 vong lap, ta c6 bang két qua tinh toan:
k xgk) a:gk) k :ng) xgk)
1 | -3.00000000 | -3.000000000 | 40 | 1.985077236 | 2.981455284
10 | 1.777515152 | 2.723515152 | 100 | 1.997576897 | 2.996988779
20 | 1.941730159 | 2.927587302 | 500 | 1.999902302 | 2.999878589
30 | 1.973684588 | 2.967297491 | 1000 | 1.999975551 | 2.999969617

Béng 2.4: Két qua tinh todn cho phuong phap (2.10)

Néu sit dung phuong phap (1.9) véi cting diém xuat phat va chon cic tham
s6 lap théa man dicu kién hoi tu ctia Dinh 1 1.3 1a
/\kﬁ:#,ai: L —i—,,l va p:i.
k42 100 (i + 1) 20

thi két qua tinh toan ddi v6i phuong phap nay & bude lap thi 1000 sé 1a
T1000 = (—0.003777417;0.004757678). Nghiem nay con sai s6 rat 16n so véi
nghiém chinh xac ctia bai todn. Néu st dung (1.10) v6i cting diém xuit phat
va chon cac tham s6 1ap théa man diéu kién hoi tu ctia Dinh 1f 1.4 1a

1 1 1 \ 1
T2 T 100 Ty T
thi két qua 6 cung s6 bude 1ap 1a z1900 = (1.999988011;2.999986013). Néu st
dung phuong phap (2.1) véi cting diém xuat phat va cic tham sb lap duge

Ak

chon tuong tuy nhu phuong phap (2.10) thi két qua & cung s6 budc lap 1a
z1000 = (1.999993006; 2.999991008).
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Bang tuong quan vée sai sO tinh toan so véi nghiém chinh xac cua cac

phuong phéap trong vi du nay la:

Phuong phap & |z — ]| Thoi gian (giay)
(1.9) 1000 3.603692620  1.9410
(1.10) 1000 1.8420 x 107 1.7510
(2.1) 1000 1.1390 x 10~ 0.794
(2.10) 1000 3.8998 x 1075 0.833

Trong vi du nay, ta ciing thay téc do hoi tu va thoi gian tinh toan cua
phuong phép (2.1) va (2.10) nhanh hon cac phuong phap (1.9) va (1.10).

Vi du 2.4. Sit dung phuong phap (2.16) ctia chiing t6i cho bai toén (2.22)-
(2.23) v6i cac gia thiét tuong ty nhu trong Vi du 2.1. V6i cling diém ban dau
r1 = (2.0; —3.0), chon a = 0.5 va gia tri clia cac tham s6 1ap khac duge chon
giéng nhu phuong phap (2.1) 6 Vi du 2.1 1

1 1
“kr2 Tl

thi sau 100 budc lip ching toéi nhan duge két qua nhu dudi day:

Ak

k xgk) xék) k :Egk) x;k)

1 | 2.000000000 | -3.000000000 | 40 |-0.000480994 | -0.000070587
10 | -0.006652559 | -0.004186461 | 80 |-0.000122169 | -0.000008939
20 | -0.001851317 | -0.000549394 | 90 | -0.000096686 | -0.000006287
30 | -0.000845059 | -0.000165788 | 100 | -0.000078416 | -0.000004588

Béng 2.5: Két qua tinh todn cho phuong phap (2.16)

Bang tuong quan vé sai so6 tinh toan so véi nghiém chinh xac clia cac phuong

phép (2.1) va phuong phép (2.16) trong vi du nay la:

Phuong phap &k ||z — x| Thoi gian (giay)
(2.1) 100 1.0833 x 107° 0.0310
(2.16) 100 1.5868 x 10% 0.0160

Tiép theo, st dung phuong phap (2.16) ddi véi bai toan (2.22)-(2.24) vdi
cac gia thiét tuong tir nhu trong Vi du 2.2. Khi d6, vé6i cling diém ban dau
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1 = (3.0;3.0), chon a = 0.5 va gia tri clia cac tham s6 lip khac dugc
chon giong nhu & trén thi tai bude lap 45000 nghiem xap xi ctia bai toan 1
(1.5034141156; 0.8682249753).

Bang tuong quan vé sai s6 tinh toan so véi nghiém chinh xac clia cac phuong

phép (2.1) va phuong phap (2.16) trong trusng hgp nay la:

Phuong phap k& |xr — x| Thoi gian (giay)
(2.1) 46000 4.7053 x 1072  882.7740
(2.16) 45000 5.5053 x 1077 864.9910

Nhan xét 2.3. Ching ta c6 thé thiy phuong phap (2.16) c6 téc do hoi tu
nhanh hon phuong phép (2.1) va ton it thoi gian tinh todn hon phuong phap
(2.1) trong vi du nay. Bén canh d6, né theé hieén tinh vuot troi hon cac phuong
phéap trong cac vi du da dugc trinh bay & trén.
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KET LUAN VA DE NGHI

Dé tai da nghién cttu va dé xuat cac phuong phap lap xap xi nghiém cho
16p bai toan bat dang thiic bién phan.
Dé tai ctia chiing t6i da dat dudc cac két qua sau:
- Dé xuat duge hai phuong phap chiéu lai ghép la phuong phap (1.26), (1.27)
va hai phuong phap chiéu co hep (1.28) va (1.29) dé tim diém bat dong chung
ctia mot ho hitu han cac anh xa gan khong gian trén khong gian Hilbert thuc.
Dong thoi ap dung phuong phap méi xap xi nghiém cho bai toan hé bat dang
thitc bién phan véi toan tit don dieu.
- Dé xuat duge bon phuong phap lap dang hién mdi 14 phuong phap (1.13),
phuong phap (2.1), phuong phap (2.10) vad phuong phap (2.16) dé xap xi
nghiém cho mot 16p bai toan bat ding thiic bién phan trén khong gian Banach
v6i toan tit j-don diéu.
- Cac phuong phap méi ctia ching t6i c6 thé ap dung cho bai toan tim diém
bat dong chung ciia ho vo han dém dugc cac anh xa khong gidn hodic tim
khong diém chung ctia mot ho vo han dém dudc cac anh xa j-don dieu cuc dai.
- Xay dung duge bon vi du s6 don gidn minh hoa cho cac thuat toan mdéi de
xuat va c¢6 tuong quan véi mot s6 phuong phap (Vi du 2.1-Vi du 2.4).
Kién nghi huéng nghién citu tiép theo ctia dé tai:
(I) Nghién cttu cac tidu chuan ditng ciia cac phuong phap lap da dé xuat tu
d6 c6 thém co s dé so sanh téc do hoi tu clia cac phuong phap lap da dé
xuat so vdi cac két qua clia mot s6 tac gia khac.
(IT) Nghién citu gidi bai toan bat dang thiic bién phan nhiéu bac.
Kién nghi khac:
Tiép tuc nhan duge hd trg tit cac cap, nganh, don vi vé nhan luc va vat luc
dé tiép tuc thuc hién huéng nghién cttu méi clia dé tai va dé c6 thé tng dung

cac két qua nghién ctu hiéu qua giadi quyét cic bai toan c6 ¥ nghia thuc tién.
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